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AdS / CFT

 Type IIB superstrings on AdSs x S°
dual to
N =4 SU(N.) super-Yang-Mills theory

[Maldacena (1997)]
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Parameter relations

A P

4r A R?
- & — =141
5s N, a’

« a planar limit of SYM = no quantum gravity limit

gs — 0 = N, — oo with fixed A

« Classical string theory

<l = A>1
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N=4 Super Yang-Mills theory

« N=4 SUWN:) SYM

Tr 1 2 _ .
$ = f d*x {_ZF‘Q“’ + (D@ + 0%, 0| + YDy - z)cFa[fba,)(]}
YM

* R-symmetry : N=4 SUSY so(6)

« Conformal field theory
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Irreducible rep. are given by eigenvalues of Cartan subalgebra
D Luv JRi
C A ,S1,S21J1,J2,03)

Scalar fields
LZ=01+1Dy, Y =03+iDy, X =05+ iDg

Z=D1 -0y, Y=0P3-1Dy, X=P5-1iDg

General gauge-invariant composite operators

O(x) = Tr [01(x)02(x) . .. OL(%)]

Y% -BPS operator

Tr [ZL] —  (L,0,0|L,0,0)
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Conformal Data

« CFT: all correlation functions are in principle
decided by

— Conformal dimensions : 2-pt functions

— Structure constants : 3-pt functions
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« Conformal symmetry determines X,y dependence

* Need to know only conformal dim's A =Ag+ vy

« Exact dimension can be determined due to

INTEGRABILITY
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Ent:g able p chain

* QOperator mixing: (ex) su(2) sector

(Te|ZE|, T |22 x| T |28 xz - x| e X5

I
s’

« Maps to Heisenberg spin chain model [ M) =12), )

- Map: [ URUNMN . N*. . =Tr[ZXZXZZ+..]+...

. : M — up + i
—  Excited states: Bethe roots ePil =TT |02 (uj, u )
1y Yk
k=1 ’LLJ — ’U;]{: — ’L
Y k#j
A=M-4~= Z 1—|—16gQSil’l2% g> 1 M, 4gSianj (gzj—j)

=1
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Main Problem

 All-loop BAE applies only to infinite size spin chain

 If it is finite size, the asymptotic BAE fails due to
wrapping problem

* Need a new approach based on

S-MATRIX
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TBA, Y, NLIE systems

* Need to solve infinitely coupled nonlinear integral equations

AN Arutyunov,Frolov;
Bombardellj,Fioravanti, Tateo
Gromov,Kazakov,Kozak,Vieira

.

In Yy, = sx|In(1 + Yy pr41) + In(1 + ¥y ) |-sx|In(1 + Y}, p0 +In(1+ Y51 0]
« Extremely complicated for strong coupling limit
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Luscher correction for A >1

Ambjorn, Janik, Kristjansen; Janik, Lukowski

* Finite-size effect: “y-term” Luscher correction

— Interaction with a virtual particle D

--------
......
>

-----------
¢¢¢¢¢

Conformal dimension for a magnon state J»g>1

P J
A~ 4gsinL —164sin3 2 ex 2
oEllg TR p[ (2gsing+ >]+
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3-point function

(O1(x1)Om(x2)O0n(x3))
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Structure constants

Ci
Oi1(x1)0,,(x2)O0,(x2)) = o

« Conformal symmetry determines x; dependence

« Exact results so far
— Chiral primary operators dual to supergravity fields

Freedman,Mathur,Matusis,Rastelli
Lee,Minwalla,Rangamani,Seiberg
Arutyunov,Frolov

— Recent interesting developments from the string theory side
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Marginal deformation

e Deformed CFT

SNew CFT = S N=4 T U

— Two-point function of new CFT

(OO ey — 1 f &y (DGIOEOO))y—s + renorm

|x|—2[A+27r2uC@OO+...] = || 2BNew(®)

(O()O0(0)New

9,

Costa, Monteiro, Santos, Zoakos

f d*y D(y)

27T2C@00 = a—MANew(u)luzo

e Special case: g% - g2 =g*1-uw)

2011-09-19

D =Ln=4sYM

21%C 100 =

0
—Aa—/lA(/l)
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Classical string theory
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e e e At

» Type IIB superstrings on AdSs x S° is described by
R2

s == | drdo [G(S 8, XMX" + GAIS) g, ymaayn fermions]
a’
< T:Q } Metsaev, Tseytlin (1998)
Bena, Polchinski, Roiban (2003)
5 2
e, 3

 \irasoro constraints

XX+ Y'Y =0, X"Xp+ Y'Y+ X"X, +Y"Y, =0

« Classically integrable nonlinear sigma model
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AdS 5 x S° space embedding coordinates

2 2 _ 2 2 2 2 _
X1+"'+X6—1, YO_YI_"'_Y4+Y5—1
Global coordinates | |
Y| + iY> = sinh p cos ye'?!, Y3 + iYy = sinh p sin ye'?2,
Ys+iYy = coshpe”, X5+ 1Xg = cOS yei¢3
X1 +iX» = sinycos 0e'¥1, X3 +iX4 = siny sin Oe'P2

(ds?) ags s = R? [dp2 — cosh? pdt? + sinh? p(dy® + cos? wdqb% + sin® wdqb%)]
(ds?) ¢5 = R? [a’”y2 + cos” ydgo% + sin® y(d92 + cos” ngo% + sin’ Qd(p%)]
6 isometry coordinates ¢, ¢1, 2, ©1, ¥2, @3

Conserved charges
27Tdo. _ ZJTdO. .
Spg= V2 f 2= pYg=Yg¥p),  Jmn = VA fo XX = X Xim)

(550, S12,83412, J34. J56) < (A, 51,5271, 92, J3)

AdS/CFT : Energy of string configuration = Conformal dim.
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Giant magnon

« Classical string configuration in R x S? Hofman, Maldacena

-

| 0,
Ys + iYy = e, / 52
. 1 v
X1 +iX, = cos Be'?, A —
Xs = sin6 NG

sin§ p
cosf = ,  tany = tan—=tanhg, =
cosh & 2

— Energy of thestring g — 44sin’
2
— Sine-Gordon solition after Pohlmeyer reduction

— Dual to magnons in the SYM spin chain -+ M M) - - -
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Dyo

=
=)

e GMin R X S3 Chen, Dorey, Okamura

Ys +iYy = €',
X1 +iX, = cos 6’1,
X3 + iXy = sin 02

— Energy-charge relation:

A
E—le\/J22+25in2p, Jo~VA>>1
s 2
— Complex sine-Gordon solition T K
oA
» N « J2
— Dual to magnon bound states “Bethe string o 5
.V
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E||iptic solution Arutyunov, Frolov, Zamaklar; Klose, McLoughlin

1 o-— 1 — w?y?
cosf = /1 —3dn —J—W,n , nzz—wvz
VL1 — 0202 w2(1 — v4)

[77—>1, fU—)COS%, w—)l]

ink
SII’]2

cosh¢’

Q

Correction to E-J relation
J1 > Vi > 1

. P . 3P
E—J ~4gsin——16¢gsSin” = exp |—
d=p T S p[ (Qgsing

\

i
Finite-size effect
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Direct computation of 2-point function
Buchbinder

Janik, Surowka, Wereszczynski

Z X S S Buchbinder, Tseytlin

X

VL)V (VX)) V)

',
h 4 |

z3<S‘
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3-point function

* General 3-point function

(Va1 VE()VE(X3))
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* Onelight mode (Vg(x1)Vy(x2)Vi(x3))

7 /)\( g 5  Zarembo

Costa,Monteiro,Santos,Zoakos
Roiban, Tseytlin

Hernandez

Arnaudov, Rashkov

Georgiou

Park, Lee

Buchbinder, Tseytlin

Bak, Chen, Wu

Bissi, Kristjansen, Young, Zoubos

J12

b

Va

— &0
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Zarembo

Formulation Roiban, Tseytlin

Insertion of a light vertex does not change H background

Crip = (Va(x)VE(x)V(0)) N V,.(0)[H background]

(Va(xDVH(x2))

L= dilaton < dual to 2> SYM Lagrangian

0o /L,
Vi) =cy f dr, f dCTEY4+Y5)_4 [z_2(8+xma_xm +0420-2) + 8+Xkc9_Xkl
— 00 —L
|

Classical background

Our problem: H = finite-size (D)GM
Jl—\/’/_? = arbitray, VA — oo
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Neumann-Rosochatius reduction

Arutyunov, Russo, Tseytlin
T

"’ @320

+ Astringin RixS’ - p=0.y=3

t = k1, cosO(o, 1) = r1(&), sinb(o, 1) = r(f), (pj(cr, T) = wj'r+fj(§), & = ao+pT

« Effective 1d Lagrangian (Neumann-Rosochatius):

C2
f’ = —1 —J +ﬁ(,l) i
J (a/2 _52)2 r? J

« Conserved charges and Virasoro constraints

E=2X (4 _ 4! a(Be. 2 2C 2-0
27raf &, Jj_27ra2—ﬁ2 §( jtaw;r J) ; ja)j+ﬁ/( =
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* Eqg. of motion

2 2 1/2
1 C C

sin?@ cos?é

(1’2 (w% sin2 0 + w% 0032 9)

~ DGM: Cy =0, wy#0

— Gamma-deformed (Lunin-Maldacena) C2 #0, w2 #0

« Change of integration variable

L Omax dg
—L Qm 6

n
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Finite-size GM

 Energy and charges . _ g (1 —v2)(1 — OK(1 — o),
J = ‘f,/l“’ K(1 - &)~ E(1 - )],
T —V
1 —ve
, 2"‘/W[v_2n(l_v_“_e) K(l—e)

_ 2 - I
E-J = A:ﬁ Loy [E(l—e)—(l—\/(l—vze)(l—e))K(l—e)
p

/4 1 —v2e

v, € & Jp,

 Structure constant derived from above formula for general J,

2
16, ! _VE [E(1 - €) — eK(1 — )]
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Consistency with SYM side

— Take A-derivative

dly _dp _, _, dv vl -vHe[E( -e) -K(1 - o))

da  da dl 21(1 - [E(1 - ) —12eK(1 - 2|
de  €E(1-e-K(I-e][E(l-e - 12eK(l - e
da A[E(1 - 02 - 12eK(1 - €2

— Mathematica computation yields

NE—-J)) VA [1—v?
1= _zﬂ\/l_E[E(l—e)—eK(l—e)]

0
2% = _1—A1
n°CLHH a1 (1)
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H| g )

Finite-size DGM

« Energy and charges

o VA k(1 —v?) o)
T VI-uwt T |
2,2
i = VA_VXp [1 VKK(l—e)—E(l—e)],
T N1 —u? Xp
o= VA g
T \/1_u2
p = K1 = xpll|- (1-e)|l—€|-K( —¢)
Vl—uz\/)(_p b 1 —xp
€ = XplXms
1
Xp Xm = 505 {q1+qz—uzi \/(Q’l —qz)z—[2(cn+612—2qmz)—u2]u2},

(g1 =1 —K2, g =1- v21<2)

v, U, k < Ji, o, p
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e Structure constant

CLHH = ¢4
= (1 - xp)

— (= (1=} K + (1 = D)1 + e)xp) K( - o)

8 ]
(1= xp) [201 =P pE(1 - )

X
—[1=v3* = xp = (1 = xp) (exp + w71 - exp))| n(—l [jv 1 -e)l- e)}
—AXp
« Too complicated for Mathematica
iy _dp_ . & @B ik 4 g
aa Y dU dA’ dA 2
 Instead, small e-expansionfor J; > J,Hh~Vl > 1
-4 I 5 A 5
BTt = Agoie = Aeolp)— 8&;21 gz) 20 +?§O(p£ As(p) ;m PID|  satp) = e S o
o 5+ 28" (p/2) Hatsuda, Suzuki
5 0
2n°Crgg = -1 8_/1(E —J1) Yes
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Deformed (N=1) SYM

* AdS/CFT duality seems to hold in the deformed SYM

— Conformal symmetry
— Integrability: Exact S-matrix CA, Bajnok, Bombardelli, Nepomechie

String theory: target space is deformed by TsT map
“‘Lunin-Maldacena” background

* NR reduction method also works here
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Finite-size GM in Lunin-Maldacena

— e

« Energy and charges
W(l—vz)x/_Ku—e)
TN —u2 Xp-—
VA I—Xn—v(vW—uK) ]
J = K(1 - - - nEl_ )
1 | N (1 -6 — xp—xnE(l —€)
Vi [uyn—vK
7y = —— i K(l—e)+u1/r, /ynE(l—e)]

VA p —

E =

2 vW — uK Xp —Xm - - K(1 -
2nrn = H(— |1—e)— v(l —yK) + yuy, —yu\/,y -X E(l—e)}
V1 — 42 {(I_Xp) VXp — Xn I-Xp [ n] VXp —An P "

2 K /Y”? . _ _ K(]
TN H(l_ ”_6) wv + v OW — uk) = 7 (1 = xn) — ¥ \xp —xnE( — €
I —u? {Xp Xp —Xn Xp [ n)] W P n

« small e-expansion for one spin

A 42 2y 2nd
E-J; = ising— \/_sm3pcos(27m—ih exp[ 2 — 7r ! )
T 2 n 2 ‘ Va ﬁ31n(p/2)
I

O CA, Bozhilov; (cf) Bykov, Frolov
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e Structure constant

16C 1

= td

S A=W~ xn)
+ (W = yuvyxn) — (1= yK) (1 = (1 = 1)yn) ) K(1 = )]

c’ =

g |((1 = A1 = 9K) = 5uvW) \Jxp — xuE(1 - €)

« small e-expansion for
Vi p 310[\/Z

_o_ g
——sin =—4 sin” — —cos(D+J1cscgcos<D—§7J1 sin(D]e

P
\//_1511'17

T T

0
27T2CLHH =-A a(E —J1) Yes
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Concludin arks

@Q

« We compute exact (any J’s) three-point correlation functions
of a dilaton and two string states which corresponds to
strong coupling SYM elementary excitatons
v' Giant magnon
v Dyonic giant magnon
v' Both for N=4 and N=1 SYM

 Still early stage
v' Quantum corrections ?

v’ <HHH>? Janik, Wereszczynski
v <MMM> Klose,McLoughlin
v Integrability ? (perturbative) Escobedo, Gromov, Sever, Vieira

* Relation to scattering amplitudes ?
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