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Introduction
conformal N=4 SUSY Yang-Mills < 1IB superstring on AdSs x S° [viaidacena 97;

Gubser, Klebanov, Polyakov ; Witten 98]

&= AAdss _ Rf\dsg,
1672 167202

AN N) = E(X, gs)

where ® O = A O such that (O(x) O(y)) m
local gauge invariant operators O = Tr(v2 D, ¢aD, J42)
» strong/weak coupling dualities = hard to test

» breakthrough: discovery of integrability on both sides of the
correspondences in the planar limit (gs < 1/N — 0)

» gauge operators < integrable spin chains [vinahan, zarembo '02;08]
» string solutions < integrable non-linear sigma models [Bena, Polchinski, Roiban

03]
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The AdS/CFT S-matrix 2 A : A

in AdS/CFT: asymptotic states are
excitations on the vacuum tr (Z*4) at large
volume L ~ ;

SU(212) . SU(212)

PSU(2,214)
= the invariance under this superalgebra determines the fundamental S-matrix
elements up to the scalar factor:

[31 + 32, S12su(22) (P1, P2)] = 0 = S(p1,P2) = So [Ssuz)2) © Ssu(ziz)] (P1,P2)

» overall scalar factor Sy contains dressing factor
X~ —xt1—1/x"x~ 1
Soprp) = S =TI e ) where xE (u) = & lusirzs Juzijz-age]
X —x7 1 —1/xx 2
conjectured for agreement between weak and strong coupling spectrum [Arutyunov.
Frolov, Staudacher '04; Beisert, Hernandez, Lopez '06]
> fixed by the crossing symmetry [Janik '06; Volin '09]

» bound-state S-matrices S @2(p;, p,) determined by invariance under Yangian
symmetry Y(su(2|2)) [Arutyunov, Frolov '08; Arutyunov, de Leeuw, Torrielli'09)]
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The AdS/CFT Bethe Ansatz equations
> all-loop asymptotic BAEs for the full PSU(2, 2|4) superalgebra of SYM [geisert,

Staudacher '05]

1+n 72 1
o, L Kl xt—x— | xtx” =S 2 o X, —y(a) X\
Pt = T |sotorp [ [ % I110 (2
=1 Xe XN X X a=11=1 \ X — Y Xk
Ik
1 () KRy (@) _ (@)
K a1 (o £
_ =X % W " tg
L U 1 @ i
=1 Y, =X =1 V —W, -3
Ky (@) _ (@) _ i Koy (a) _ o (a) , 2
. H W = v =g W —w + 5
Bt @ i ) e 2
Ik

» n = £1 depending on grading SU(2)/SL(2)

> non-diagonal scattering = auxiliary variables describing particles’ inner degrees
of freedom

> BAEs can be obtained by imposing momenta quantization conditions and
analyticity conditions on the transfer matrix eigenvalues

T (P {p}) = 1: T(P{p}) = > (=12 S (Pes S (Prs P2) - - ST (Prs Pw)
b
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Wrapping corrections

> SU(2) sector: all-loop asymptotic BAEs for long range spin chain models [Beisert,
Dippel, Staudacher '04] with dressing factor [Beisert, Eden, Staudacher '06]

L M .

xT(u; Ui — Uk + i

CR [T § -

x—(uy) o U= Uk —
k]

H = Hyeis + ngnext—to—nearest + 94Hnext—to—next—to—nearest + .
A =L+ 9%Epeis + 9*E2+ g°Es + ...

Beisert-Staudacher BAEs are asymptotic:
affected by wrapping corrections when
interaction range (loop order) exceeds L: at
order g2t

double wrapping corrections when
interaction range wraps twice the chain: at
order gt
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Integrability in deformed AdS/CFT

>

v

marginal deformations of N' = 4 SYM = N = 1 [Leigh, Strassler '95]
War-s = gTXIY. Z]) = Wirms = T [X(VZ = a2¥) + 5 0C + ¥ + 29|

B-deformation: h = 0 and q = €27 (gravity dual by [Lunin, Maldacena '05])
Wi = gTr [ 010,05 — o &1 004

non-supersymmetric generalization: 1, vo, 3 deformation
3 3
Wy, =T > €T miiond, — dndme” " miTi2 4 > [0, &l
n>m=1 m=1
of isometric angles in S%: ¢;(2m) — ¢;(0) = 2m(n; — €jiy;Ji)
classical integrability: Lax pair for real and special complex parameters [Frolov '05]

gauge: integrable twisted spin chain model in SU(2) and SU(3) 1-loop [Roiban '03;
Berenstein, Cherkis '04] and SU(2) higher loops [Frolov, Roiban, Tseytlin '05]

L M .
x*(y) —2inpBL 2 Ui — Ug +1
e = o (U, uj; —_—
|2 (oo [ 4= 2
kA
Beisert and Roiban conjectured all-loop BAEs for all the sectors [Beisert, Roiban '05]
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TWiSted S'matrix and BAE [Ahn, Bajnok, D.B., Nepomechie '10]
» Reshetikhin twist of the AdS/CFT S-matrix: Si2(p1, p2) = Fi2S12(p1, P2)Fiz
with Frp = g1 (MBIRIRA—IRASARY .y _ Giag(1/2, —1/2,0,0) on (1,2,3,4) ® (i,2,3,4)
> + twisted boundary condltlons = AdS/CFT twisted transfer matrix
HU) = StraaMazSmi (U, 1) Soaniv(Us Pv) s M = FAFE = (3720 @ gl(vat2)h/
> resulting BAEs match Beisert-Roiban’s BAEs

1 15n1? Ko (@) "
K| + = + 2 o — a +
. X — X X" X, 14+n X, — X
= T |Solowmp | T | [T = I (=25 =
=1 Xe =X N X X a=1 =1 \ X =Y Xk
Ik
Kl
co = II5G—=0F (@ _ (@) _
=1 Ye =X o=t e W =g
Ko) wle) _ @) _ 1 Koy @) _ o) 4 2
(ca)' ™" o I e
RN O R O
I#k

o = &N 2g=ivimt /26i(0g=92)0/2 o _ g=imIN/2givimt /2gi(vg+2)d/2
> and operational twist transfer matrix [Arutyunov, de Leeuw, van Tongeren '10]
> and asymptotic solution of S-deformed Y-system [Gromov, Levkovich-Maslyuk '10]
(& = ef“n(f;m*2’772)/2e"("rgsf’Yz)J/z7 & = e 1y —2mp) /2 fi(v3+v2)J/2

Diego Bombardelli Centro de Fisica do Porto - Universidade do Porto

also in the s/(2) grading n = —

TBA double-wraj corrections fol ground-state of the



Vacuum Lischer-like corrections

Outline

Vacuum Lischer-like corrections

iego Bombardelli Centro de Fisica do Porto - Universidade do Porto

TBA and double-wrapping corrections for



CET  Vacuum Lischer-like corrections  TB

Twisted vacuum Liischer-like corrections (LO & LO?)
we derived the leading and next-to-leading
Liischer-like corrections for the vacuum

of a relativistic theory with twisted -

boundary conditions

Ed(L) = — Jim %m ZL,R) = — lm %m Tr(e~ MMt
that in the deformed AdS/CFT case
corresponds to -

> single wrapping
E§ = —Tr(e""ym [ 92 cosh ge—tmeosh®
s
— 35 Stro(e?1h @ 71 [ o tEaP) = —(2 — [2]4)(2 — [2]g) T @ [ L2 e~ tEal®)
» double wrapping: quadratic term

_,'_Tr(effyh)Z% f % cosh ee—ZLm cosh 6

54

+1 328 Stra(¢?1" @ ) [ e FalP) — 1 (2 — [2])%(2 — [2]5)* oo O° [ g2 e Fa®
where g = €™ ; g =" v = (v3 — 2)L/2; v = (73 +72)L/2

N_,—N _ _ _ —
[N]QIquqq71 :qN 1+qN 3+___+q3 N+q1 N

Diego Bombardelli Centro de Fisica do Porto - Universidade do Porto

TBA and double-wrapping corrections for the ground-state of the



Introduction ntegrability in ADS/CFT  Integrability in deformed AdS/CFT ~ Vacuum Luscher-like corrections  TBA fo

The mirror theory

(1+1)D relativistic QFT on a torus = invariance under exchange
of space and time [zamolodchikov '90] (H(L) = H(R))

Z(R,L)=Tre~ MY »~ g FRM

R— oo

Z2(R,L) = Tre tHA S e M with T = 1)L
» non-relativistic case (H(L) # H(R)): the double Wick rotation defines two
different theories (physical and mirror) related by analytic continuation

E(p) = /1 +4¢?sin®(p/2) — ip

p — iE(p)=2iarcsinh < 1 +/32/2g>

> by analytically continuing the AdS/CFT S-matrix = mirror S-matrix
S(p1,p2) = S(pr1, p2)
= mirror asymptotic BAESs [Arutyunov, Frolov '07]:

> defined in the mirror kinematic region: |xpih(u)| >1— Im[x,ﬁ.,(u)] <0

SoirU) = 2 (0~ VA~ B): P = G~ 1/9) — G U+ 1/9) +
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Twisted vacuum LUscher-like corrections (NLO)

term involving bound-states S-matrix
+m [ 93 cosh6ye Lmeosh 1 [ 902 g Lmeosh Oz (g, )Ty (e”hln S0y — 92))
ki3

by ,—LEq, (B1)  dby ,—LEq,(P2); 2ivgh o 2ivrh 1 @Q1Qo (s By
200, zne TV [ 2Ee 277 i0p STrga, (€771 ®@ € In SR (By, Po) )

simultaneous diagonalization of S-matrix and twist-matrix
uT'su=nA, UT'éMu=a, UT'éMU=A
= STr(e”" © &7 log S) = STr(A) STr(A) log Sg,2 + Z -1) (STr (A)A; + STr(A)A,-) log A;

NLO energy correction
D —LE p [ —Lé Po) . ~ o~
o0, U@ [ Bre AP [ e P ip, [0102(2—[21q)2(2—[21q)2|ogs 52 (Br, B2)

(2,2)
Ey =

+ (1) (A2 — [21)? + A2 — [21)) 1og A %2 (B, o) |

we need to to calculate the determinant of the bound-state S-matrix
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S-matrix determinants and result

we use the su(2); ® su(2)z decomposition (L, R rotation generators of su(2|2)) of the
SU(2|2) bound-states S-matrix derived in [Arutyunov, de Leeuw, Torrielli '09] and of the
twisting matrix

Z(—1) iA;log /\Q1 - ST osmi® &AM 10g S %2 (s, , sg)]
i (sL+SR)

= 3 (~1)°R(@s. +1)[2sp + 1], log det S¥ %2 (s, sg)
(sL,5R)

and calculate det S QZ(sL, sg) for some Qq, Q> = conjecture of general expression
in terms of few simple building blocks

X~ —xF > Fx—1 U1*U2*Q
e | e L T e

X = x5 Xy 2—1 U1—U2+?
then the final result is ( 1c01027 (02701+2/+1)Ek 1j

dpy —Léq, (B o dpp —Lég (B
ERD = Z 0102/ %e Leg, (P1) 2;"29 Legy(Pa) 5. {0102 2 - [219)(2 - [2],)% log Ss/<2> (B, Bo)
Qq,Qp=1 oo em —oo £T

log Sq, — ay +2j+24)

+(2 — [215)° [131g (1 log Up Uy Uy + KN %) ~[2] (401 @z — Q1 — Q) log Uy +2Q»(2Qy — 1) log Uy
+204 (20, — 1)log Uy + (G — @1)log Us + 4KH1 %)) + [1]4 (501 @ — 201 — 2Qy)log Uy + Ga(5Q1 — 4) log Uy

+Q1 (50, — 4)log Uy +2(Q — @1)log Us + 5K %1% )| + (g = @)
Diego Bombardelli
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TBA for deformed AdS/CFT

TBA equations for planar AdS/ CFT [D.B, Fioravanti, Tateo; Gromov, Kazakov, Kozak, Vieira;

Arutyunov, Frolov '09(b)]

Z(R,L)=Tre~ ™Mb » ¢~ FRM
R

— 00

ZR,L) =Tre MR ~ e RO with T — 1)L
» taking the logarithm and the tﬁermodynamlc limit R, K1, K, KIII — 000
mirror BAEs = Bethe roots organize in Bethe strings =- BAEs of real centers

[Arultyu_no‘v Frolov '09(a)]
= infinite set of density equations for pq, p}‘f‘li,p;" Ko P K-

ap(u)
du

saa+ Y Kas(u,v) * pa(v)
B

pa(u) + pl(u) =

» minimization of the free energy

= infinite set of TBA equations for the pseudoenergies cq, ) |, €y x> €}y i

h
In %f = ea(U) = —pq + LEgdag — >_In(1 + e “8Y)) x Kga(u, v)
A B
> exact ground state energy
N ) < dp
Eo(L) = LF(1/L) = Z/ fm e~ Eo(P>)+m/ o Py - =Py =P

> SUSY case: Ey(L) = 0 (BPS ground state) is determined by Witten’s index
Tr(—1)Fe=PH with p = =
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AdS/ CFT Y—SyStem [Gromov, Kazakov, Vieira; D.B, Fioravanti, Tateo; Gromov, Kazakov, Kozak, Vieira; Arutyunov,

Frolov'09]» gcting on the TBA equations with the operator (K + 1)y = dun — s(luw), With
I = N1 + n,m—1, S(U) = Fomrigmarey - S(U+ /9 — i0) + s(u—i/g +i0) = 5(u)

= universal or “simplified” TBA equations [zamolodchikov '91; Arutyunov, Frolov '09]
» or using directly [Ravanini, Tateo, Valleriani 92]

K <u, v+ é - iO) + Ki (u v L + ,o> Z o KM (U, v) = — s (u — v)
K/=1
T K <”+ i) ex (” - i) + D7 e (W) = 37 hoer In(1 + 7K )
. 9 9 K/ =1 K/ =1
and defining

1,2 1,2
Yoo(u) = e 0" v, 1i(u) = e¥1=Y . vy so(u) = £+

1,2 1,2
Yis1,+1(0) = e“vk, Yi4k—1(A) = e“w.k

- Y+ % _ (1 + Ya+1 b)(1 + Ya—1,b)
abrab iy Y (14 v
+ Ya b1 + Ya b1

Y-system + Y-functions’ analytic properties =

ground-state TBA [Cavaglia, Fioravanti, Tateo '10]

Y-system + Y-functions’ analytic properties = s/(2) *
excited states TBA [Balog, Hegedus '11]
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TBA equations for deformed AdS/CFT

> twist: a defect line with transmission matrix 7 = 21" g ¢2rh
= defect operator in the mirror theory partition function as a chemical potential

2 ) = 3o e e = 55 [ alpage O SR A
n a=lr A
i i, 11 1T
where €217 KL KIL, KII = eva (K —2K21) KL KT K1 >
= ”’[p,‘vl\:t’pl(\xﬂ,W] =R Z /du |:,U‘;Y(P;!\, + p}(/xH)(u) + Zﬂ%\MP%\M(U)
a=1,2 M=1

» undeformed mirror BAEs
> twisted TBA equations

. _ _ea _ea
eq, = LEg, —log(1+ e “%)x Ko, + > log(1 + €& VM) x K, ya, Flog(1 — e V+)x Ky 4 q,

a=Ilr
—e —e —e%
eoim = —log(1 + €~ ") « Ko, vim +log(1 + & VM) % K,y iy Flog(1 — & V1E) % Ky vim
ewin = — My — log(1 + e WIN)x Kuin' win F log(1 — e YE) % Kyt win,
egie = —ny —log(1+e “%)xKa,y+ +10g(1 + € VM) % Kyyyje —log(1+ e ¥IN) % Kyjny +

1, . I, .
where ;" = iviri gy = —2Mivie; v = (v — 12)L/25 e = (73 + 72)L/2
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Hybrid TBA equations for (un)deformed AdS/CFT

> (20my — )iy = 05 2py — pf)y = 0 =simplified TBA equations and Y-system
are the same as the undeformed ones [Gromov, Levkovich-Maslyuk '10; de Leeuw, van
Tongeren '11]

» for convenience, unsimplified or canonical TBA equation for massive Yq functions
= “hybrid” TBA equations [Arutyunov, Frolov, Suzuki '09]

~ /
InYg = —LEq+In(1+ Yo ) x KGo5 + S In(1+1/Y5) = Ki®

a=1,2
1 1_1/ SA a o
+- ———— %Ko+ In(1 =1/Y2)(1 = 1/Y)*Ka|
2 Ty
a=1,2
1+ Yﬁ1 Qt
InNY® =In x5 —In(1+ Vo) * Ko, +In(1+ Vo) x KI' x5,
T+ Y,

ve
In Ve = In(1 4+ Yo) * Koy »

a

Y
— &5 —In(1 + Yyiq) s
ve

In Y,f’W, = IuvIn(1 + Y,f’lN) %S4 Oy In -

1-1/ve
—F——— %S
T—1/ve

where Yo =€ °Q; Ya=¢€"A; Iyny = On.Ms1 + ON M1

In Yy = han In(1 + Yigin) S+ S In
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LO TBA equations and corrections
asymptotic expansion Y4 = Y3(1 + ya) l-

1 . .
nYg=—LEq+ D In(1+1/YJ4) * KnC + + g0 —1/Y (1 = 1/Y)RKe L.

a=1,2
14 Y% YO
Ny =in— " vs,  Int—o,
T+ Yo y0a
Yoy =hain(1+ Y0R) xS, Yo = luIn(l+ Yor) x5
. . . . ¢« 0 O O—0 O—0O0——0O
both magnonic Y-functions satisfy the same equation U
0.2 0 0
(Vi)™ =1+ Yu_)( + Vi) ! o2
but different asymptotic conditions
In vom In Yo“’M

—M—o0 0 — Moo —Hym = 2iMya
= V0= MM+2); Y0y = MlgM+2lg; YO, = (Mg + 2],
leading order finite-size correction for the vacuum
QP (2—[2lg) (2-[2)) e tF0

0E = — Z/fmwyo)N Z/ Y° Z/

YO)2
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NLO TBA equations

solution of the linearized set of hybrid TBA equations:
> magnonic equations for y,, and yy : difference egs. with driving term y* — y& = Yg * Koy
> solution of the “horizontal” part of the Y-system
IN=1]a[N+1]a o [N+ 1]a[N+3la 4 ye—ye
Yuin = <T}’ww4 + Wyw‘N+1 *3+5N1W*5

o [@la o . 4
= Y = o K (K- [3]a =K

> solution of the “vertical” part of the Y-system: inhomogeneous term Y,B,+1 * s forany M

M—-1)M+1) (M+1)(M+3) ye =y,
y\j"M:< W2 y,j’w,_1+ M+ 272 yﬂMH *S — YM+1*S+6M1ﬁ*S
Y+a
o _ MYy A Y * Koy [MKu 2 — (M + 2)Ku]
== M + 2)K, — MK,
=V = oMM+ 2) *kzgkk Q) (M + 2)Ku—a+2x M—a+2k+2] + MEne2=12)
o, Lo 8 o  [Bla o
Vi +y—:2(z}/v\1_ﬁywh) s— Y3 xKo+2Yq K3 s
0 fe e Q;—1,0 3 . N &1,
Ya, = Yo, * (Ks/<2> +25 % K ) + Z/ 21 * S*Kyay + szv\02—1 * s
a=lr
ye =y 10 ye—yy ye +y$
Sy et gy e e gy e
+ + +
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NLO TBA corrections
inserting all the terms and simplifying: final result

1 QQ, 0,0 QQ,
= Y9 x— log S;y2 2 ke 2log a; "2 (uy, u
Yoy o * 50 {9 t oo ga; " (w, tp)

> @ 1[2] )[1 Ioga2 (u1,uz)+oilogaz2 ‘(uz,u1)*}}

a=l,
where
A% = (UUie) ™", a1% = UplBUs, a9 = UlPU; "
energy expression E&? (L) = — 2021 J 2v3yq
scalar factor matching Lischer:

apy —1ep (b > dpp Lz -

(- Rle -2 S & [ Greal [T e e in, 09 S By o)
Qq,Qx=1 >

intermediate check: cases (Q,1) and (1,Q) are related by complex conjugation and

12

& unitarity §'%(ur, u2) S (U2,0,) =1 af' (U1, 1) = a}%(u3, )"

the complete result exactly matches the NLO Liischer correction!
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Weak coupling expansion

+ mi R (p'—iO) 4g2 L — _ p—iQ ot
> m = + ==~ 4 =
X Irror: x=(p) ( 1 5, 5 T 1> ;X 0(g): x

g2(L+)

=256 (p2+02)L+/

oo dap Lo i P i
~e-le-En X @ [ Potia® - _-pee-an S oo 2 (AT ) Gupst D
Q=1 4 j=0

g 3
Fia T 90

> single wrapping: e—‘¢a®)

> double wrapping:
» quadratic term

%(2—[21q)2<2—[21¢)2;o“ [ oo — - e-rtz (37 ) s

> pure NLO term E&(L) = = 5, [ £ Y3y,
> the dressing phase contributes at LO weak coupling:
1 . 1 1. o 1. o
5705 100 SEUSE(B1 ) = = [ (5B — Br) — @1+ Q) + (1 + 3(i(B2 — B) = Oy + o)

+w(‘((p2 B+ -+ Qa)) + w1+ 2 ((Pe — Br) + @1 + Q) — 20(1 — 5By +11) + c.]

> L =3 (TrZ®) result (total an. dim.):

Eo(3) = —(2 - [21)2 — 2 )(1364 & g+ o gt - 2%, ‘2)

256 256
—(2—[29)(2 = [2]5) ([2lq + [l — 4

Diego Bombardelli

189\ 12
))256<3<5g +(2 - [219)%2 - [2]y) 25643 200657)9 T
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Results...

» we have studied and applied techniques and ideas of the integrable
models to marginal non-supersymmetric deformations of the
AdSs/CFT, correspondence

» how to twist the asymptotic S-matrix: Reshetikhin twist + twisted
boundary conditions

» we derived LO and NLO vacuum Liischer-like corrections, involving
the bound-states mirror S-matrix

» for the vacuum only twisted boundary conditions are relevant

» we have formulated the ground-state TBA equations of the deformed
AdSS/CFT4

» solution of ground-state twisted TBA equations at NLO

» vacuum finite-size corrections for the non-supersymmetric case:
matching TBA-LuUscher at leading and next-to-leading order (large
volume)
= check of the bound-states mirror S-matrix and the AdSs/CFT, TBA
equations

» explicit calculation of single and double-wrapping corrections
= prediction for future perturbative diagrammatic gauge calculations
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...and Outlook

» strong coupling limit?
» group theoretical (SU(2|2) Yangian symmetry) formulation for the

determinants of the bound-states S-matrices in all the su(2), ® su(2)s
sectors?

» divergence for L = 2 (as for the undeformed case)!
» higher wrappings and subleading contributions at weak coupling

» to study excited states TBA equations for the SU(2) and SL(2) sector
= check of the known results (LUscher and diagrammatic) at weak
coupling
= check of the conjectured relation with the orbifolded theory

» TBA for all the excited states = exact deformed AdS/CFT spectra

» exact solution at any g (numerically or analytically) of 5-deformed
(N = 1) and non-supersymmetric SYM =- closer to QCD

» understanding twisted theory important for recent developments towards
construction of AdS/CFT Q-operators [Bazhanov, Frassek, Lukowski, Meneghelli,
staudacher. '10); twist factors as regulators
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