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XXZ spin chain at A = —1

Hamiltonian of the XXZ spin chain

qg+qt

2

Hn(A) = —% Z oot + oyt + AololTt A =

[Razumov, Stroganov '00] A = —! — gs. energy E = —3¥

e Nodd (N=2n+1)
Periodic boundary conditions: oy ; = of.
Two-fold degenerate ground state \U2n+1, rational-valued
components.

e N even (N =2n)
Twisted perziodic boundary conditions: o}, = o1, while
a,j\?H = ei’%aﬁﬂ, where 0% = o + £io”.
A single ground state W$5,, complex valued components.
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Emptiness Formation Probability (EFP)

The definition of the EFP

() T, o - wi)
R

En(k) =

uw==xe
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Emptiness Formation Probability (EFP)

The definition of the EFP

((wh) T o - i)
A

En(k) =

uw==xe
we define also a "“Pseudo” EFP

(w5 T P - 05,)
(W5, 95,)

Ezn(k) =
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Emptiness Formation Probability (EFP)

The definition of the EFP

((wh) T o - i)
A

En(k) =

uw==xe
we define also a "“Pseudo” EFP

(w5 T P - 05,)
(W5, 95,)

Ezn(k) =

They have an analytical, “factorized” form!
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Conjectures [Razumov, Stroganov '00]

Epni(k—1)  (2k —2)1(2k — 1)!(2n + k)!(n — k)!
Ea(k)  (k—1)(3k—2)!(2n— k+1)!{(n+ k — 1)!

Eha(k—1)  (2k —2)1(2k — 1)!(2n + k)!(n — k + 1)!

Ef (k) (k=1)(3k —2)!{(2n — k + 1)!(n + k)

Es(k—1) (2k —2)1(2k — 1)1(2n + k — 1)!(n — k)!

Es (k)  (k—1!Bk—=2)!1(2n— k)/(n+ k — 1)!

Ei(k—1) (2k — 2)1(2k — 1)1(2n + k — 1)I(n — k)!
E2 (k)  T(k—1)I(3k —3)I(3k — 1)(2n — k)(n+ k — 1)

!
v
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Some partial results

@ Asymptotics N — oo [Maillet et al. '02]

. V3 FG—1/3)r(j+1/3)
aim_ En(k) = (7) H rG—1/2rG +1/2)
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Some partial results

@ Asymptotics N — oo [Maillet et al. '02]

, V3 rG—1/3)r(+1/3)
aim_ En(k) = (7) H rG—1/2rG +1/2)

@ Norm [Di Francesco et al. '06]

n

—1) 12(27)12
Esnia(n) = Aur(2n + 1)~ H(] &= 1)
j=1

— 1)IjI(3j = 1)1(3))!

ES.(n) = (—q)"A,? = (—q)"CSSC(2n)

where:

o A, = # of n x n Alternating Sign Matrices
o AuT(2n+1) = # of (2n+ 1) x (2n + 1) Half-Turn Symmetric
Alternating Sign Matrices
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CSSC(2n, k — 1)

EZ (k—1) CSSC(2n, k — 1)

Ee(k) 7 CSSC(2n, k)

|

CSSC(2n, k — 1) = # of lozange tilings of a regular hexagon of side
length 2n, which are invariant under a rotation of /3 and have a
star shaped frozen region of length k,

(CSSC(2n) := CSSC(2n,0) = CSSC(2n,1))
2n
"““‘

““"’
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Integrability

R-matrix
az) 0 0 0
. 0 b(z) a(z) O
Ril@) =1 0 o) bz) o
0 0 0 a2
with ) )
9z — q~ z—
— b(x) =
()= LT b = L
(g—q ')z (g—q™')
Cl(Z) = q— qflz s C2(Z) = q— qflz .

Twist matrix
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R-Q commutation

[Rij(x), Qi(¢) ® Qi(4)] =0
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R-Q commutation

[Rij(x), Q2i(¢) @ Q;(#)] =0
Yang-Baxter equation

Rij(zi/z))Rik(zi/ 2) R k(i) 2k) = Riw(2i/ 26) Ri k(21 ) 26 ) Ri (21 2)
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R-Q2 commutation
[Riji(x), Qi(¢) @ Q(4)] = 0
Yang-Baxter equation
Rij(zi/2))Ris(zi/ 2) Ri w2/ 2c) = Riw(zi/ 26) Ri(zi/ 2i) Rij(2i/ )

Transfer matrix

TN(}’|Z{1 ..... NY}s ¢) = tro [Ro,l(Y/Zl)Ro,z(}//Zz) cee RO,N(Y/ZN)QO(¢)]
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R-£2 commutation
[Rij(x), i(¢) © Q(4)] =0
Yang-Baxter equation
Rij(zi/z))Rix(zi/ )R u(zi/ 2c) = Ri(z;/ 2 ) Rik(2i/ 2) Rij(2i/ 7))

Transfer matrix

TN(}’|Z{1 ..... NY}s ¢) = tro [Ro,l(Y/Zl)Ro,z(}//Zz) cee RO,N(Y/ZN)QO(¢)]

Crucial idea!

Consider the ground state with spectral parameters

v — Wi (z), Tn(ylz,. oy, 9) W (2) = 1V (2)
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quantum Knizhnik—Zamolodchikov (qKZ)

equations

[Razumov, Stroganov & Zinn-Justin '07]

The ground state satisfies a specialization g = €2™/3 of the U,(sh)
gKZ equations

fv'\’,-,,-+1(z,-+1/z,-)lll‘,§,(. S Zi o ZE ) = \Ulltl( S Z ] Z )

oV (z1, 2, ..., 2n-1,2y) = DV (22, . . ., ZN—1, 2N, 521).

With
(AR QW_1QW)=1n® - QVw_1® VWV

Riit1(z) = PiipaRiia(z)  Pyle®@e) =e @€,
s=q¢°, D=gNgute
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Inhomogenous EFP

Using the solution of the U,(sh) qKZ equations at level 1.

we define an inhomogenous version of the EFP

gll\Ll(k' Y{1,...2k} z{l,...,N—k}) ~

H1§i<j§k(q)’i—q_l)’j)(q)’f+k_q_l)’j+k)

with Py «(z) = 1_[,{Vzk+1(zipi+ +p; )

H1§i<j§k(q)/i_q_1yj)(q)/f+k_q_1yj+k)
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Inhomogenous EFP

Using the solution of the U,(sh) qKZ equations at level 1.

we define an inhomogenous version of the EFP

gll\Ll(k' Y{1,...2k} z{l,...,N—k}) ~

H1§i<j§k(q)’i—q_l)’j)(q)’f+k_q_l)’j+k)

with Py «(z) = 1_[,{Vzk+1(zipi+ +p; )

H1§i<j§k(q)/i_q_1yj)(q)/f+k_q_1yj+k)

We shall compute these and then take the specialization z; = y; = 1.
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Properties of ) (k;y; z) and of £5,(k;y; 2)

1 Symmetries under z; <+ z;, yi <> y;.
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Properties of ) (k;y; z) and of £5,(k;y; 2)

1 Symmetries under z; <+ z;, yi <> y;.

2 Specialization z; = 0 or z; — o0

lim 227124:1527;+1(ki y;z) ~ E5.(kiyi 2\ zant1)

Zop4+1—00

2n+2(k y: Z) Zopp2=0 7 £2n+1(k y. z \ Z2n+2)
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Properties of ) (k;y; z) and of £5,(k;y; 2)

1 Symmetries under z; <+ z;, yi <> y;.

2 Specialization z; = 0 or z; — o0

lim 227124:1527;+1(k? y;z) ~ E5.(kiyi 2\ zant1)

Zop4+1—00

2n+2(k y: Z) Zopp2=0 7 £2n+1(k y. z \ Z2n+2)

3 Recursion relation for z; = ¢g*2z

En(Ki Y 2) =z N
Enalkiyiz\ {z,7})
K B _ _
qQye — q 1z H (qu —dq 12,')(‘132,' —dq lze)

_ 1 _ _ ~—1)2
9T a (g—q71)
(i

i

Cantini (LPTM Cergy-Pontoise) EFPat A = —1/2 Bologna, 2011 1/21



Properties of ) (k;y; z) and of £5,(k;y; 2)

1 Symmetries under z; <+ z;, y; <> y;.
2 Specialization z; = 0 or z; — o0

lim 227124:15271+1(k? y;z) ~ & (kiyiz\ z2n41)
Z2p41—00

Esnia(kiy; 2)

3 Recursion relation for z; = g2z

oni2=0 ~ Edpi1(Ki ¥ 2\ Z2n42)

on(Ki Y z)le:qQZi
sn2(kiyiz\{z,z})
2 ay— gz 1 (92 — g7 'z)(¢%z — g 'z)
9=a7 ik —(g—q1)?
(2ij

~Y

(=1
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Properties of £ (k;y; z) and of E5(k;y; z)

4 Factorized cases

R AP
£l (kiy:2) = H (9zi — 9 'z)(9z, — g z)

1<i<j<k (g—q1)?
Sk +Lyiz)= ] (92 — 9 'z)(9z — 9 'z) e
1<i<j<k (g—qg1)? P

_ (qu - q Z)(qz - q ZI)
52k+1(k; y: Z) = H ( i _1-/)2
1<i<j<k+1 9-4
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Properties of £ (k;y; z) and of E5(k;y; z)

4 Factorized cases

R AP
£l (kiy:2) = H (9zi — 9 'z)(9z, — g z)

1<i<j<k (g—q1)?
Sk +Lyiz)= ] (92 — 9 'z)(9z — 9 'z) e
1<i<j<k (g—qg1)? P

_ (qu - q Z)(QZ - q ZI)
52k+1(k; y: Z) = H ( i _1-/)2
1<i<j<k+1 9-49

These properties completely determine Ex(k;y;z) and &5 (k;y; z)! J
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Combinatorial point g = e

Let p, & be strictly increasing infinite sequences of nonnegative
integers. Introduce the following matrices

M(Pva)(r’ S;Y; z) —

P2 Pr+s
le Zl~

P2 Pr+s
% %

2 Pr+
Zr Zr r+s
0 0
0 0
0o ... 0

ﬁ2 ﬁr+s
yir - nhn

ﬁ2 ﬁr+s
Yos -+ Yos

0
5’r+s

&r+s

Or+s
Zr

Gr+s

N

Grts

Yas
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2mi/3

Combinatorial point g = e

Define the following polynomials

5.6 det M(P:9)(r s;y;2)
S8 (r, s y;z) = =2 :
( 5 Y ) Ii<icj< (zi=2)? Tli<icj<osi—yi) 11 1<i<r (zi—Y))
1<j<2s

Using the Laplace expansion along the first r + s columns we can
write S?9)(r, s;y;z) as a bilinear in Schur polynomials

SP3)(r,s;y;2) =

Zlc{l,...2s}(_ 1)e(l) Iicjeii—y) icjesc Vi—y;) Sp(rJrs)(za yl)Sa'(rJrs)(Z; yie),

i [li<icj<as(vi—yj)
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2mi/3

Combinatorial point g = e

Now let us introduce the following family of integer sequences

X0) ={0,1,3,4,6,7,...}

. 3i—3+r A1) ={0,2,3,5,6,8,...}
A, — , . 3 9 9 J 3 7

(N=l=] AM2) ={1,2,4,5,7,8,...}

=
o
0
L
S
(=3
S
o
—+

;2)
;2)

E(kiy;z) ~S A(0)’;(1))(2n — k, k;y; z)
2)

~S ’\(0)’:\(2))(2n — k. k;y; z)
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t— specialization

Setting
N—k—1
Z:{Z]_:to,z2:t17...7ZN_k:t }
and
N—k N+k—1
y:{_ylzt 7"'7y2k:t+ }

the functions E§(k;y; z) and &5,(k;y; ), as rational functions of t,
have simple factors.

Using the usual t-numbers and t-factorial

t—1 e
— and [n]t!:_ll[l]t.

[i]t =
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t— specialization: result

E5(k=1t) [2n+ k= 1]l[n— K]e![2k — 1]s![2k — 2],s!

s (ki t) [2n — K\[n+ k — 1]a![k — 1]=![3k — 2],!
EE (k—1;t) 2n+ k — 1]/[n — K]a![2k — 1]![2k — 2] ;5!
(—q)€% (kit)  [2n — k]\[n+ k — 1]w![k — 1]![3k — 3],![3k — 1],

Esmia(k = 1;1) [2n + k]o/[n — k]s![2k — 1]![2k — 2] 5!

Eoma(kit)  Rn—k+1][n+ k — ]sl[k — 1]s![3k — 2]

Ehalk—1;6) 20+ klel[n — k + 1]a![2k — 1]p![2k — 2],a!
Ehalkit)  Rn—k+1d[n+ KTk — 1]![3k — 2]!

k—1
The coefficients in front are of the form t° (%) — 1.
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What if g is generic?

We have found a multiresidua formula
2,, 6M)(k y;z) ~
= dwew® ) T2, (wy — ;)
f[iqz,} 1 2mi [T (we — qz7)(we — q712)

where €(£+) = +1,¢(e) = ¢(&) =0,

Kn_k(W)

and
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@ Consider other correlation functions.

@ Other boundary conditions (e.g. open chain with diagonal K—
matrices)

@ Higher spins or also U,(sly) spin chain.
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Thank you!
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