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The structure of the UV singularity in the two-point correlation function is considered for
the scaling Lee—Yang model. Both perturbative and nonperturbative corrections to UV confor-
mal theory are discussed. The IR convergent perturbation theory for the structure functions of
operator algebra is developed and the first-order corrections are calculated explicitly. The UV
expansion is compared numerically with the results of partial summation over intermediate
asymptotic states. These two expansions match well in the intermediate region and give a
reasonable precision data for the correlation function in the whole region of scaling distances.

1. Introduction

The conformal field theory (CFT) [1-3], being the theory of renormalization
group fixed point, provides us (among other applications) with the classification of
possible ultraviolet (UV) behavior in general relativistic field theory (RFT). Be-
cause of extremely high symmetry, CFT models are typically exactly solvable and
today we have an enormous number of explicit constructions (see e.g. refs. [1-11]).
From this point of view in approach to general RFT it is natural to begin with the
short-distance CFT and consider the corresponding renormalization group trajec-
tory as a perturbation of CFT model by a suitable relevant (or marginal) scalar
operator (see e.g. refs. [12-20], where this approach was applied to different 2D
problems). As a starting point one usually takes the conventional action

Ager =Acer +8[o(x) d’x, (1.1)

where the scalar CFT field ¢(x) has dimension A(= 4) < 1. The coupling constant
g develops positive scale dimension g ~ (mass)?>~24 for A <1 and becomes dimen-
sionless in the marginal case A = 1. The last case must correspond to asymptoti-
cally free renormalization group behavior to make sense in the picture under
consideration.

* Permanent address: Institute of Theoretical and Experimental Physics, Moscow, USSR.
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Exracts from Al.Zamolodchikov

“Consider, for example, the perturbative expansion of a particular
relativistic field theory (RFT) correlation function, say the
two-point one,

(®(x)®(0))rFT,

where ® is some local field. For simplicity it is supposed to be
scalar. One may try the following formal expansion:

(P(x)P(0))rFT = i

n=

/ B)BO)p0n) - o)) crrdys - dyn,

where the correlation functions in the right-hand side are
calculated in CFT and ®(x) is the corresponding UV limit of the
field ®(x)."
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“... the latter (UV divergencies) can be handled by standard
renormalization techniques - --"
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“... the latter (UV divergencies) can be handled by standard
renormalization techniques ---"

“As for the IR divergencies, they cannot be absorbed into any local
entities of the theory and lead to known non-analyticity in the
coupling constant. In this paper we try to handle these
nonperturbative corrections. The point of view is the following. To
estimate UV behavior of e.g. the two point function, we start with
the local operator product expansion

(x)P(0) = Z Coo(x)Ai(0),

where A;(0), i =1,2,--- is the complete set of local fields in the
theory and Cg (x) are the corresponding structure functions.”
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In this approach,
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In this approach,

» Fields A;(0) are in one-to-one correspondence with their CFT
limit (provided there are no resonances),
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In this approach,
» Fields A;(0) are in one-to-one correspondence with their CFT
limit (provided there are no resonances),
» The functions Cé;q,(x) are local data which can in principle be
determined perturbatively,
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In this approach,
» Fields A;(0) are in one-to-one correspondence with their CFT
limit (provided there are no resonances),
» The functions C}, 4(x) are local data which can in principle be
determined perturbatively,
» The vacuum expectation values (VEV) (A;(0)) are global
data.
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In this approach,
» Fields A;(0) are in one-to-one correspondence with their CFT
limit (provided there are no resonances),
» The functions C}, 4(x) are local data which can in principle be
determined perturbatively,
» The vacuum expectation values (VEV) (A;(0)) are global
data.
It is important to determine the VEVs which encode all
non-perturbative information.
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Consider the sine-Gordon model

1 l“l‘z . .

Lo = —(0,.0)% — —iBy iBe
56 = 165 On?) = (e )

We view this model as a perturbation of the complex Liouville

model.
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sine-Gordon limit

Consider the sine-Gordon model

_ 1 2 p —iBp | LiBy
Lo = 1o, Oue) = goga(e ™ + )

We view this model as a perturbation of the complex Liouville
model.
The primary fields are the exponential fields

b, =¢e veAls

Here and after we change the parameter S to

1
v=1-p° (5 <v<1).

Ferminoic Basis of Local Operators in the sine-Gordon Model




6 vertex model CFT limit sine-Gordon limit

Known results about VEV
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Known results about VEV
Primary field (LZ 1997)

(®4(0)) = [[(v)p] T

T sinh?(vact) via? .\ dt
><eXp(/<2sinh(1—1/)tsinh tcoshuvt 2(1—1/)e )T)
0
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Known results about VEV
Primary field (LZ 1997)

(©a(0)) = (V)] T

T sinh?(vact) viat 5\ dt
><eXp(/<2sinh(1—u)tsinh tcoshuvt 2(1—1/)e )T) '
0

First non-trivial descendant (FFLZZ 1998)

(£al_29a(0)) _ ([ 7(-3+ 5+ £)2(5 — 2)
<¢a(0)> (1 — 1/)2 7(% + % _ % ’Y(% I %)
where
_ )
1) = FE
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Known results about VEV
Primary field (LZ 1997)

(a(0)) = [M()u]

T sinh?(vact) via? N\ dt
><eXp(/<2sinh(1—u)tsinh tcoshuvt 2(1—1/)e )T) '
0

First non-trivial descendant (FFLZZ 1998)

(l=2l2®a(0)) _  (F)w)*” v(=3 ks +3) 75 - %)
(®4(0)) 1-v)? G+5-3) (5 +3)
where
r(x)
=Ry

One would like to extend these calculations systematically.
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For generic v and «, the “Virasoro descendants”

remain good as a label for the corresponding renormalized fields.
Hoewever this is not the best basis for various reasons.
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For generic v and «, the "Virasoro descendants”

remain good as a label for the corresponding renormalized fields.
Hoewever this is not the best basis for various reasons.

We propose an alternative, fermionic basis of the same space

i ; B,H’YJ /6J+7J—
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For generic v and «, the "Virasoro descendants”

remain good as a label for the corresponding renormalized fields.
Hoewever this is not the best basis for various reasons.

We propose an alternative, fermionic basis of the same space

i ; B,H’YJ /6J+7J—

where $JT =4J7, It =4J",
i1, sz,l are local integrals of motion,

* * %k — % .
B2j-1,72j-1,B2j_1,72j—1 are fermions.
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Plan
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Plan

> 6 vertex model and expectation values (Theorems)
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Plan

> 6 vertex model and expectation values (Theorems)

» Scaling limit to CFT and sine-Gordon model (Conjectures)
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Plan

> 6 vertex model and expectation values (Theorems)
» Scaling limit to CFT and sine-Gordon model (Conjectures)

» Concluding remarks
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Fermionic basis on the lattice
We consider a 6 vertex model on a cylinder
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0
1
Analog of ®,0 ¢?*>©), 5(0) = 5 Z 013
j=—00

Analog of descendants[] q2”‘5(°)(’), O: local
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0
Analog of ®,0 ¢?*>©), 5(0) = % Z af

j=—00

Analog of descendants[] q2”‘5(0)(’), O: local

Space of quasi-local operators

W(a) = @Wa—s,sa

SEZ
Wass = {2500 | O: local, spin s}
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We consider the expectation values

\ ;
Ferminoic Basis of Local Operators in the sine-Gordon Model
S




6 vertex model CFT limit sine-Gordon limit

We consider the expectation values

<K + a|TrS (TS’Mq2/~:5+2aS(O)O> |/<;)

Zn{qzas(o)o} = (5 + o Trs (Ts’Mq255+2a5(o)> )
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We consider the expectation values

<K + a|TrS (Ts,qu"S“O‘S(O)(’)) |/<;)

Zn{qzas(o)o} = (s + o[ Trs (Ts’Mq255+za5(o)> )

where

o o
Tsm=[] Tim@), Tim(©) =]] Lim(©),
m=1

j=—00
_ 1,353 15353 — - —
Lim(¢) = q 277 — (?q2%™ — (g — q ) (0} o + 0} o),

and |k), (k| are eigen(co)vector of the transfer matirx
3
Tw(C, %) = Ty | Tm(Q)a"™7 |
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Fermions on the lattice
One can construct fermions acting on W(®) (BJMST 2007-2009)

b(¢), (¢). b*(¢), €*(¢).
b(() = bp(?~1)", b zb(@ 1)PL etc.
p=1

such that
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Fermions on the lattice
One can construct fermions acting on W(®) (BJMST 2007-2009)

b(¢), (¢). b*(¢), €*(¢).
b(() = bp(?~1)", b Zb(<2 1)PL etc.
p=1

such that
» They commute with integrals of motion: tj,t5,---
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Fermions on the lattice
One can construct fermions acting on W(®) (BJMST 2007-2009)

b(¢), (<), b™(¢), (<),
b(¢) = Z bp(¢*—1)7P, b*( Z b5(¢ —1)P71 etc.
p=1

such that
» They commute with integrals of motion: tj,t5,---
» The following is a basis of W(®):

* * * * %k * ¢ _2aS(0
(t1)Pt; ;b ---bicy - cp (g™ ©))
(iIZ"'Z’rZ2’j1>"'>j521v
ki >-->k>1 p€Z, r,s,t>0).
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We cannot present here the lengthy construction of the fermions.
It is done via a sophisticated application of techniques from the
algebraic Bethe Ansatz.
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6 vertex model

CFT limit
\

sine-Gordon limit

We cannot present here the lengthy construction of the fermions.

It is done via a sophisticated application of techniques from the
algebraic Bethe Ansatz.

NB: The fermions act not on states but on fields.
They have nothing to do with the Jordan-Wigner fermions.
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The main formula
The following is the key result (JMS 2009).
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The main formula
The following is the key result (JMS 2009).

Zn {t*("h) —t(ns)b*(C1) - - b ()T (&) - - .c*(gl)(q2a5(0))}

= [T 20(ni) - det (wn(¢: &)

i=1
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The main formula
The following is the key result (JMS 2009).

Zn {t*(m) o t*(ns)b*(C1) - - - b (&) (&) - - - C*(&)(qzaS(O))}

= [T 20(ni) - det (wn(¢: &)

i=1

where
o) = L) k) ie) = T m)le).
T(n,r)
and wy((, &) is defined through the TBA data in the Matsubara
space.
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TBA data

» auxiliary function characterizing |x)

2(C)
& / Ko(C/€)log(1 + a(€, ) o 52 ,

where ~ encircles the Bethe roots clockwise, and

aQ)=@1—-q®", d)=(1-qg'¢*",

log a((, k) = —2mivk + log —= g

Kald) = Bc(a), w(Ca) = 3
AF(C) = F(q¢) — f(g ).
» resolvent
Rdress - Rdress * Ka = Ka )
1 1 dn?

fxg(¢,§) :[Yf(g,n)g(n,é)l +a(n,x) p(n) n?
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» formula for wy, is

%wn(C’ 5) = Neft * (I + 7?'dress) * f;"ight(g7 5) - wO(Ca 6) )

where

ﬁeft(ga §) = %551:&(4‘/5’ a) ) f;ight(€7 5) = 65_1/)(4-/57 O‘) )

67 F(¢) = f(a€) — p(OF(C)
wo(¢,€) = =0 0 AT1P(C/€, a).
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Main formula holds in a very general setting.
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Main formula holds in a very general setting.

» Inhomogeneous lattice
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Main formula holds in a very general setting.
» Inhomogeneous lattice

» Arbitrary eigenvectors |k), (k'| (K =k + )
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Main formula holds in a very general setting.
» Inhomogeneous lattice
» Arbitrary eigenvectors |k), (k'| (K =k + )

» With a modification of Z,, k,x’, o can be viewed as
‘independent parameters’.
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Main formula holds in a very general setting.
» Inhomogeneous lattice
» Arbitrary eigenvectors |k), (k'| (K =k + )

» With a modification of Z,, k,x’, o can be viewed as
‘independent parameters’.

In the following analysis we make a technical assumption

K =K.
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CFT limit

In the limit

_ 2R

a —0, (= (Ca)"A (A fixed),

the Matsubara transfer matrix scales to that of chiral CFT

(Bazhanov et al.1996)
T5¢(\, k) = lim Tm ((Ca)" A\ k) .
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CFT limit

In the limit

_ 2R

a =0, (¢=(C)"\ (X fixed),

the Matsubara transfer matrix scales to that of chiral CFT
(Bazhanov et al.1996)

T5¢(\, k) = lim Tm ((Ca)" A\ k) .
T5¢(\, k) is entire in A and has the asymptotics

2

log T (A #) = Y Gojoihy-1A 7 (A = 00),
j=0

o0
T(\, k) =2cosmvk+ Y _ GyA¥ (32 —=0).
j=1
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The coefficients are

hj_1 : local integrals of motion,

Gpj : non-local integrals of motion.

\ ;
Ferminoic Basis of Local Operators in the sine-Gordon Model
S




R RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRERRRERSSSSE—SSSBBEZEESSSS
6 vertex model CFT limit sine-Gordon limit
\ ;

For the function wa(C, €):
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For the function wa(C, €):

WO, ) = lim %wn ((cayx. (Ca)'n)

has the asymptotics of the form

C2-1 2kl
WA, 1) ~ Z wik(k,a) N0 T (W = 00),
J:k:]-
s 2j—1
~ Z Qj (K, @) D A O G S ) B
Jrk=1
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For the function wa(C, €):

WO, ) = lim zlﬁ"n ((cayx. (Ca)'n)

has the asymptotics of the form

[e.e]
_2j-1  _2k—1
wsc()‘nu) = Z wj,k(’q’a OL))\ vper ()‘2a“2 - OO),

Jik=1

e 2j—1

~ &= _
~ Z @ik, @) N0 T (A2 5 00, p4? — 0).

Jsk=1

We postulate that the coefficients in these expansions are three
point functions of some local operators in CFT.

\ ;
Ferminoic Basis of Local Operators in the sine-Gordon Model




6 vertex model CFT limit sine-Gordon limit
\ ;

Conjecture(CFT)

> The following limit exists in the weak sense:

B*()) = lim %b*( Ca)”A) Zﬂzj A5

~*(A) = lim %c < Ca)”)\) Z»yzj A
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Conjecture(CFT)

> The following limit exists in the weak sense:

B*()) = lim %b*( Ca)”A) Zﬂzj A5

~*(A) = lim %c ( Ca)”)\) Z»yzj A

» The set {8} ~]- P} is a basis of the space of chiral
descendants modulo integrals of motion.
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CFT limit

Conjecture(CFT)

» The following limit exists in the weak sense:

B*()) = lim %b*( Ca)” A )

~*(A) = lim %c*((Ca)”A) ~ Zygj_ al
j=1

» The set {8} ~]-Pa} is a basis of the space of chiral
descendants modulo integrals of motion.

» The Wick contraction rule applies with the pairing

(1= klB5 173, 1Pall + )
(1 — K|Pu|l + k)

wj k(k, ) =

Ferminoic Basis of Local Operators in the sine-Gordon Model
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Example: The relations

BiviPa=A- L0, + B (7,0,
(1 —K|B1YiPa|l + k) _A. (1 = K[l_2®,|1+ k)
(1 - K|®a|1 + k) (1 - K|®a|l + k)

+B-0 (Vk)

imply

A= Dl(a)D1(2 — Oé) s

D,(a) = \/];_V< (V)™ I/V\/—V>ar
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Example: The relations

Bivid, =A- L b, + B- (2,0,
(1-klB17iPall + k) A (1= kK[l 2®u[1 + k)

Aoreaitr A A—neaitm 20 ()
imply
A= Dy(a)D1(2 — @),
"(5+4)

Dy(a) = \/—1’7 (r(u)—l/”\/1 v

)2
r(282)r(s +52a)

Similar (overdetermined) equations have been consistently solved
upto degree 8.
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Conjecture(screening operators)

The coefficients @; x(k, ) are used to define the Wick pairing
between 35;_; and a new fermion Y{ ,cep k-
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:

Conjecture(screening operators)

The coefficients &; (k, «) are used to define the Wick pairing
between 35;_; and a new fermion Y{ ,cep k-

/37+77— ¢o¢+2177" = Cl,O(a) : /37++2'7>lk— —2/Bi7zcreen,1¢0¢ .

where

1-v
v

6-170((1) — _r(l/)2a+2

Ferminoic Basis of Local Operators in the sine-Gordon Model
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Scaling limit to sG model

Start with the 6 vertex model with alternating inhomogeneity
parameters Co,Co_l in both directions. The sine-Gordon model is
obtained as a scaling limit

2R 4 \"
a—T—>0, CO_(W) — 00,

with R, M > 0 fixed. (M = Msliton)
Repeating the same procedure (there are tricky points), one can
introduce fermions
=% —
Baj—1s Yaj—1s Boji—1s Vij-1s

* * * — %
:3 screen,j» stcreen,j ) 16 screen,j» 7screenJ :
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Conjecture(sine-Gordon model)
For simplicity, we consider VEV in the case R = co.
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Conjecture(sine-Gordon model)
For simplicity, we consider VEV in the case R = co.
» For 4J7 =4J7, #J7 = #J~ we have

BrYG-B3A5-Pa) oy i(5, o atS,o,e b)
(®a)

i m i ™
X H ;cotz(a-i-z/a) H ;cotz(b—ya).
acJt beJ—
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sine-Gordon limit

Conjecture(sine-Gordon model)
For simplicity, we consider VEV in the case R = co.
» For §J7 =t#J7, #JT =4J" we have

<Bj+'7j—/6.7*’7§* ba) — 2N (e et et b)
(Pa)
i m ! T

% H ;cotg(éw—ya) H —cotz—(b—l/oz).

v v
acJt bed—

» Under the shift « - a+2(1 —v)/v:

(©np1-0) = (Ba) Cro(a)u? 22

1—

1
X — cot l(l + va)tan 7%V(Q —a).
14

2v
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» Self-consistency

» Formula for (®,) (Lukyanov-Zamolodchikov, 1996)
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\

Checks

We have performed various checks against known results.
» Self-consistency

» Formula for (®,) (Lukyanov-Zamolodchikov, 1996)
» Formula for ({_50_>®,) (Fateev et al., 1997)
» For R < oo (Zamolodchikov, 2004)

<Tz,z TZ,Z) = <Tz,z><TZ,Z> - <Tz,2>2
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Form factors

f(gzn)(91,"' ,021) = (01, -+ ,02,]Ovac)

Solutions to the form factor bootstrap equations are given by
integrals (Smirnov, 1986)

f(,()in)(el, e Bn) = (D)C(01, -, O2n)
< Wy (01, 02n)FEM (6, 161+)

€1, ,€2n
FE(0,-10,+) = / d"oXalor, o)l (o1, )
x LY (51, Sn)

o
where 5; = e%.
\ ;
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Lgi(sl, <+« S4By, -+, Bap) is a Laurent polynomial such that
> anti-symmetric in S;, symmetric in B;
> recurrence relation

n—1

(n) - 2 _ g2y, g . ....B
LO an—1=an=5n_ 5"[1;[1(51 Sn) LO (51’ ’5"_1|Bl’ ’B‘

For the primary field:

n

L (51, Sa) = [T S L(S2 -~ 52).
p

=1 p>r
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Lg’i(sl, <+« S4By, -+, Bap) is a Laurent polynomial such that
» anti-symmetric in S;, symmetric in B;
> recurrence relation

L(n) L(n—l) - B ... B
© Bon— 1—an—5,, 1;[ () (Sla 75 1| 1, , D

For the primary field:
LS (51, S) Hs [Tcsz-5?.
p=1 p>r

It is possible to generate ‘all’ towers {L(M}¢ by acting with certain

fermions on the primary tower {ng} (Babelon-Bernard-Smirnov,
1997).
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Lg’i(sl, <+« S4By, -+, Bap) is a Laurent polynomial such that
» anti-symmetric in S;, symmetric in B;
> recurrence relation

L(n) L(n—l) Sn_ B ... B
© Bon— 1—Bz,,—5,, 1;[ (@) (51’ ) 1| 1, y D1

For the primary field:

LS (51, S) Hs [Tcsz-5?.
p=1 p>r

It is possible to generate ‘all’ towers {L(M}¢ by acting with certain

fermions on the primary tower {ng} (Babelon-Bernard-Smirnov,

1997).
Unexpectedly, we have found that, at the level of form factors, our
fermions coincide with BBS fermions.
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fermionic basis of the space of local fileds.
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Concluding remarks
Summary
» On the basis of lattice results, we have proposed a
fermionic basis of the space of local fileds.

» They are natural for the description of VEV and form
factors.

» Though all formulas are conjectural, this picture seems
remarkably consistent.

Open problems

Asymptotic analysis for p({) # 1

» Transition coefficients with Virasoro basis
» Conceptual understanding of fermions

» Understanding w((, &)

v
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THANK YOU VERY MUCH FOR YOUR ATTENTION
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