CFT AND INTEGRABLE MODELS
§-th Workstiop, Bologua, September 12-14, 2011

Solving the AdS/CFT Y-system

Vladimir Kazakov (ENS,Paris) with Gromov, Leurent, Volin
(to appear)




Integrability in AAS/CFT

Integrable planar superconformal 4D N=4 SYM and 3D N=8 Chern-Simons...
(non-BPS, summing genuine 4D Feynman diagrams!)

Based on AdS/CFT duality to very special 2D superstring 6-models on AdS-background

Y-system (for planar AdS./CFT,, AdS,/CFT;,...) calculates exact
anomalous dimensions of all local operators at any coupling

Y-system is an infinite set of functional or integral nonlinear egs.
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« Problem: how to transform Y-system into a finite system of non-linear integral
equations (FINLIE) using its Hirota discrete integrable dynamics
and analyticity properties in spectral parameter?



CFT: N=4 SYM as a superconformal 4D QFT

Sey = %]d% Tr (F2 + (D®)? + UDV + Tow + [o, ]?)

o 4D superconformal QFT! Global symmetry PSU(2,2(4)
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They describe the whole conformal theory via operator product expansion
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AdS-dual classical superstring and its algebraic curve

_ ) PSU(2,2|4)
2D 6-model on a SO(L.4) x SO(5) o
coset —
= String equations of motion and constraints o
can be recasted into zero curvature condition 1 \Mﬂz/q\i

u,o, T

~ Y
(d + A(U)) /\ (d _I_ A(U)) - O’Zakharov,MikhaiIov O'\b world sheet

Bena,Roiban,Polchinski

= Monodromy matrix Q2(u) = Pexpjz{ A(u) € PSU(2,2|4)
~ :

encodes infinitely many conservation lows

» Eigenvalues — conserved quantities

Q(u) = {eiﬁl(U),eiﬁz(U),61‘153(@’ez’ﬁﬂf(U)Heiﬁl(U)’eiﬁg(u),eiﬁg(u),e'éﬁ4(u)} Qx
= Algebraic curve for quasi-momenta: . ¢/

_ 0
P(p: u) = sdet (I — € P Q(U’)) ~ 6 V.K.,Marshakov,Minahan,Zi. ...«

Beisert,V.K.,Sakai,Zarembo

= Dimension of YM operator A 4()\) Energy of a string state



Classical Z.4 symmetry and characters

» Trace of classical monodromy matrix is a psu(2,2|4) character. We take it in
irreps for a X s rectangular Young tableaux:

TCL,S(U) — Tra,S Q(U)

Gromov,V.K.,Tsuboi

» Classical Z4 is an authomorphism of the string coset. It induces a

certain monodromy on the algebraic curve: for a special path ~v(u)
surrounding a branch point we have:

Tu,s(u)
Ta,s(uw)

(=1)°Tg _s(u), u* =~(u), if [s| > a
(_1)aTEa,s(U*) u* = y(u), ifa > s

= We will generalized this Z, property to the full quantum case!



(Super-)group theoretical origins of Y-system

= A curious property of gl(N|M) representations with rectangular Young tableaux:

{ ? ? e }

— — - —
S S s-1 s+1
= For characters — simplified Hirota eq.: T2 = T T, ,+7T, T,

» Boundary conditions for Hirota eq.:
« - dim. unitary highest weight representations of u(2,2|4) in “T-hook” !
a Kwon
U(212|4) Cheng,Lam,Zhang

Gromov, V.K., Tsuboi
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 Solution of Hirota for any irrep: Jacobi-Trudi formula for GL(K|M) characters:

Toslgl =  det T, . g, g € GL(K|M).
1<i,j<a DS



Quantisation of characters and AdS/CFT T-system

= How to quantize?
- Trust the integrability!
- Use experience from known sigma-models

» Hirota equation for characters promoted to the full equation for T-functions
(“transfer matrices”):

)

Ta,s (u + %) Ta,s (u - 5) — a,s—l(u) Ta,s—l—l(u) +Ta+1,s(u)Ta—l,S(u)
= (Classical limit: highly excited long strings/operators, strong coupling:
L ~g~u— oo

= Only slow parametric dependence of characters on spectral parameter:

To. (u +>§) To. (u —)2@ Ty 1 (W) Ty o1 () +To g 1 5 ()T 1.0(u)

Gromov,V.K.,Tsuboi

Discrete “classical” integrable dynamics!



Y-system and Hirota eq.: discrete integrable dynamics
Ta,,s-l—l Ta,s—l

Ta—l—l,s Ta—l,s
T-system (Hirota equation) reduces to Y system

» By the change of variables Yo,s =

definitions:
Ya—lts Ya,:g . [1 + Ya,s-l—l} {1 + Ya,s—l]

— flFal = fu+ia/2)
Ya-l—l,s Ya-l—l,s [1 + Ya—!—l)s} [1 + Ya—l—l,s}

5= fluti/2)

\_

Hirota eq. in T-hook for AdS/CFT

Gromov, V.K., Vieira
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» Gauge symmetry of Hirota equation living Y-functions invariant

Tas — gt Telglomslglmatslglma=sl o




Y-systems for other o-models
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AdS/CFT Y-system and asymptotics

O @)
O O
O O
O O s
» e Large L asymptotics:
Ya’s(U;) ~ Cajgeé‘sro LZPQ(U)
« Momentum of elementary excitation pa(u) = —ilog -

- zero mode of discrete D’Alembert operator in the l.h.s. of Y-system
We should fix it and find the corresponding energy as well.

* TBA equations can be induced from Y-system with certain analyticity assumptions

d _
109 Ya,s = L0 + 3 Ko a,64100 (14 Yy g(w))

Bombardelli, Fiorvanti, Tateo
Gromov,V.K. Vieira
Arutyunov, Frolov

a,s'



Dispersion relation in physical and crossing channels

Santambrogio,Zanon

e Exact one particle dispersion relation: 2 =1 + )‘S”‘Qg Beisert Dippel Staudacher

N.Dorey

. Bound states (fusion) € =a®+ /\SmQ% b2 D 22— D72~
| . . N “t o
 Changing physical L-circle to cross channel R-circle (Alyosha’s trick!)

Ambjorn,Janik,Kristjansen

2 2 Pa ~2 . .2 Pa
€q — CL -|— ASin | > —€S = a — ASinh<=— Arutyunov,Frolov
2 “ 2

« Parametrization for the dispersion relation by Zhukovsky map: «=+vx (z + 3)

z

_ 1 z(u +ia/2)
{ palu) = Iog z(u —1a/2)
eo(u) = 2@\/_ Az(u —ia/2) — z(u+ia/2)]+ 1

 From physical to crossing kinematics: continuation through the cut

%ﬁ(u+\/u—2ﬁ\/u+2\/§) —> z= 2\/_(u—l—z\/4)\—u>

z =

aiy— > =) —qif— —

cuts in complex U -plane



AK onishi

Konishi operator Tr [D, Z]? : numerics from Y-system
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» Y-system passes all known tests



Also works for

Alg)

11

10 |-

S =2,

Numerics for

Trp>27-

Gromov,Shenderovich,
Serban, Volin

Numerical data
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Y-system for excited states of AAS/CFT at finite size

a Gromov,V.K.,Vieira
O O
Ya,s( ) ) 1+Ya3 1+Yas—
u & S Yas<u+ )YM(U_E):[ +1} { 1]
7 ] e
T-hook O Y_|_1 . Y_|_1 .
O O \ & O\ « Complicated analyticity structure in u
> dictated by non-relativistic dispersion
\\\ cuts in complex U-plane
« Extra equation (remnant of
classical Z, monodromy): —2vV 2V

Yo 1o (u+i0) - Yy 411 (u—10) =1

. Energy: A—Do = frim = / ~= BuZa 109 (14 Ya0)
(anomalous dimension)

e ujobey the exact Bethe eq.:  Y1,0(u;) +1=0
New insights into analyticity:
Cavaglia,Fioravanti,Tateo
Hegedus,Balog



Solution of AAS/CFT T-system in terms of
finite number of non-linear integral equations

Gromov,V.K.,Leurent,Volin
(to appear)

* No single analyticity friendly gauge L ;L .
for T-functions of right, left and upper bands. |

» Firstly, we should parameterize T’s in all three bands
In three different, analyticity friendly gauges,
also respecting their reality and some other basic properties

« Secondly, we should find gauge transformations

Ty s = gittelglomslglratsl lma=sl 0

relating T,s to 779"t and 7t

* The very existence of such a gauge transform
almost completely fixes the solution!
(as in principal chiral field model!) Gromov. V.K. Vieira

V.K., Leurent



Magic sheet and solution for the right band

« T-functions have certain analyticity strips As 9

(between two closestto R Zhukovsky cuts)

7-0,:|:s =1, 7-1,:|:s cAs , 7-2,:|:s € As_1

o QOriginal T-system is in mirror sheet (long cuts)

U

e The property Y5 12 (u+140) - Y71 41 (u—i0) =1
suggests that the functions 7 s
are much simpler on the “magic” sheet — with only short cuts:

Z-A

AS 18

———oe @@ —

—e @@ —

= Only two cuts left on the magic sheet for ; !
76,5 — 1 9

_ 1 /29 d
Tis = gt gl g = Sy-1(u) + —/ p(v)dv

2wt J—2g U — v

T2 = TIT
» Right band parameterized by one density (and a polynomial)
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Magic sheet for the upper band

« Analyticity strips (dictated by Y-functions)
Too€ Agtr1 » Torx1€Aa , Tog42€ Ag1

 The property  Ysip(u+i0) Yy 11 (u—i0) =1

again suggests to go to magic sheet (short cuts), _

but the solution is more complicated.

e Theirreps n?

so it is natural to impose for our physical gauge
Tn,2 — T2,n

and 2™ arein fact the same typical irrep

* From the unimodularity of the qguantum monodromy matrix it follows

that the function Tg o s i-periodic
_|_ _ _
To,o — To,o



Quantum 7,4 symmetry

= Tu,s can be analytically continued in labels a, s
Ta,s — (_1)ST—a,37 ’72,3 — (—1)0”72,—3 .

a

+
+

[
I N
!

T

= Analytically continued Tq s and 7a.s satisfy the Hirota equations,
each in its infinite strip.



Wronskian solution and parameterization for the upper band

» Use Wronskian formula for general solution of Hirota in a band of width N

Krichever,Wiegmann, Lipan, Zabrodin

= From reality, Z4 symmetry and asymptotic propertie at large L
and considering only left-right symmetric states T, _; =T, Wwe find

Tosr = o g+t a ) + oSrlg e v gft el
Tuo = o554 oiabe - o5 — o g - el
Ta,—l - (UH_G]U[_G]) Ta,l' Gromov,V.K. Leurent, Tsuboi
= Plucker relations _ — —
ap — qj—qj — qj_'l_qi ’
S S S
Qijkdi — 4549k — 994-

= Relation betweenT s and T s
Taos= Tas f[a-[-S]f[a—S]f_-[—a—S] f[—a—l—s] (U[+Q]U[_a])[s]D



Parameterization of the upper band: continuation

= Qur choice of parameterization in terms of a spectral density P2
left-right wing exchange function U
and two polynomials encoding Bethe roots

—_-—"

0 duv v ~
Q1:13 QQ:P(U’)_/ p2( )7 Q]_Q:Qa

—00 2Tt U — U

» Remarkably, since 491,492  are analytic in the upper half plane,
and 912 analytic above —i/2 4+ R
all T-functions have the right analyticity strips!
7, 4 symmetry is also respected



Relating right(left) and upper bands

Tas = Ta,s (T[CH-S] )y 2

here we gauge-transformed

T = 1
Tl g = E[_I_S]E[_S]ﬂ,s
Ts . B[+s+1]5[+s—1]g[—s+113[—s—1]7‘-278

=
®)
w

|



Closing FINLIE: sawing together 3 bands

= From Hirota and analyticity - closed system of equations — FiNLIE
= Strategy: relate all unknown functions of upper and right bandsto Y71 1, Y2
= Then get from analyticity of T's an eq. for Y1,1, Y22

= Expressing right band density £  through Y11, Y2

14+Y11 7111,L17ﬂ1_,17ﬂ2,3
14+1/Y25 7'2_3_27'2_,275,1

= Expressing upper band density 2  through Y11, Y22

_I_ _
1+Yoo _ TonTsoT1p0
1+ 1/Y1,1 T]L,lTing,,Q




Closing FINLIE: equations for 7 and vy, vs5

= We get spectral representations of Y31, Y» o from analytic properties of

(L) =TooTro_ 1 Tac
fr T10Tgo Y1,1Y22Tgg

» Spectral representations for U from analytic properties of

U fIR2] 2_Y171Tc_),o To1 7-1_,1 :
ul2l fBIR | Y2oT10\Ti2T1,

Both analytic in the upper half plane and approaching const. at infinity

= Other functions can be excluded from the system of FiNLIE

= We manage to close the system of FiNLIE !
» Ready for analytic and numerical studies



Numerical solution of FINLIE

= Writing our FINLIE as X = f(X), X = (p,p2,p3;---)

we attempted to solve it on Mathematica by iterations: X,,41 = f(Xn)

* FiNLIE 710 -y

-4

» The coincidence with earlier results from the infinite Y-system (TBA)
is very satisfactory!



Bethe roots and energy (anomalous dimension) of a state

= The Bethe roots characterizing a state are encoded into zeros of some
g-functions (in particular  g12 ). Can be extracted from the absence
of poles in T-functions in “physical” gauge. Or the old formula from TBA...

» The energy of a state can be extracted from the large u asymptotics

1 _
log Y1’1Y272 ~ P <+ Z —+ O(’LL 2)



Conclusions

Y-system obeys integrable Hirota dynamics — can be reduced to a
finite system of non-linear integral egs (FINLIE).

Our FINLIE is based on a few natural, or even physical analyticity
asumptions. Not using TBA but proven to have the same solution

The form of our FINLIE is perfectible

Hirota dynamics provides a general method of solving quantum 6&-
models on a finite space circle.

Possible “mathematical” subject: “sigma model’-like solutions of
Hirota equations and associated Riemann-Hilbert problems for
vasrious (a,s) boundary conditions.
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