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. Matrix model describes the discretized 2d space-
time, fluctuating space-time interacting with
matter. At the continuum limit, the matrix model
describes quantum gravity coupled with matter

. Continuum theory is described by Liouvill theory
coupled to matter.

. Bulk interaction is well known from both of the
approaches.

. Our goal is to describe the boundary effect from
the matrix model approach



Plan of Talk

1. Brief introduction: Matrix model and Liouville
gravity

2.Boundary description of matrix model
3. Boundary and bulk correlations

4.Summary and remarks
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Matrix model: discrete approach to space-time

Key Idea : Discretization of 2D surface (world sheet)

=

Smooth 2d surface Lattice theory

- Lattice theory for gravity = Fluctuating lattice (‘Dynamical lattice’)

- Matrix model = dual picture of the dynamical lattice
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¥ A Feynman diagram as a discretized surface.

A given diagram

% \ =

Dual diagram
(Discretized 2D surface)

Connect nearby faces
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Matrix model

2
One matrix model < (2,2p+1) Minimal Liouville gravity b2 —
2p + 1
N
VIM)=1iM?+%M*+..-  M: N x N Hermitian matrix

1/N expansion = Sum of topology .

connected
Feynman

diagram


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

b^2 = /frac{2}{2p+1}

/end{align*}

o0
Sum of topology.  Znpmm = Z angg
g=0

Xg = 2 — 2g : Euler characteristic

Double scaling limit is needed to describe the fluctuating surface

N — 00, g— gc
with N (g — gc)1_7/2 fixed

== Z)MM — 42d gravity4+matter



Liouville gravity as a continuum theory of 2d gravity

2d gravity is described in terms of genus expansion

Liouville field , ghost and matter (Polyakov).

Z = /DgDXe—S[QvX] ¢ : Liouville field

— Z D¢DX6—SL[¢]+matter CFT+4ghost
topology



(Minimal) Liouville gravity

gravity as Liouville action

SLlgl = ﬁ [, 43 (5"0:69,¢ + QRIg) + 4mpe®?)

1
Q=0b+ 7 Cp = 1+ 6Q2 pt -Bulk cosmological constant

matter part: use minimal CFT for simplicity

The total central charge vanishes: ¢y + ¢matter + ¢ghost = O

1 —
q = b— g Cmatter — 1 — 6q2 Cghost = —26


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

c_{/rm ghost}=-26

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

c_{/rm matter}= 1 - 6 q^2

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

q=b-/frac1b

/end{align*}

Liouville gravity
add interaction : maintaining the conformal symmetry
7 = f DgDX e Slo:X]

— Z D¢DX8—SL[¢]+matter CFT+4ghost
topology i Zmn Ao fM (I)mneamn¢

¢ : Liouville field, D, :Matter field

p-critical model : b = \/%



Relation between two different frames (Resonance relation)

e oMM — /DMe_%trV(M)‘FZﬁ:ltnon

tn + coupling to scaling op. KdV frame.

Z(2,2p—|—1) MG — /DgDXe lg ]+En—l 1

An  coupling to (1,n) operator with gravity dressing. CFT frame.

0°Z (5 2p+1)MG
ON;ON;

) 82Zomm

In general (01,01;) = L.t
405

tp=0

k—

Moore, Seiberg, Staudacher (1991)
What is &, = tk({)\j}) ?

Lee-Yang case (p=2): Al. Zamolodchikov (2005)



For (2, 2p+1) minimal gravity on sphere, Belavin and Zamoldchikov (2008)

-1-point function is O (except (1,1) operator)
-2-point function is orthogonal.
-3-point function is O unless...

P(u, p1, {Ae}) = P(u, g, {t:(N)}) = uf ™ Q(u/uo, {\r})

Up X /1

[o%e) p—1
My Ak - A, d
Qe {Mh =D > () T Ly sk —al(@),
n=0k;...k,=1 ]
1 B 2
Z(p, {AR}) = 5 Q" (u/uo, Ar)du

2 Jo


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

Q(x, /{/lambda_k /} ) 

= /sum/limits_{n=0}^{/infty}/sum/limits_{k_{1}...k_{n}=1}^{p-1}

 /frac{/lambda_{k_1}/lambda_{k_2}/cdots /lambda_{k_n} }{n!} 

  (/frac{d}{dx})^{n-1}L_{p-/sum k_{i}-n}(x),

  /end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

 P(u, /mu, /{/lambda_k/} ) 

/equiv P(u, /mu, /{t_k(/lambda)/} )

= u_0^{p+1} Q(u/u_0, /{/lambda_k /} )

  /end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

Z(/mu, /{/lambda_k/} ) 

= {1/over2} /int_0^{u_*}  Q^2(u/u_0,/lambda_k) du 

   /end{align*}

Boundary description of
matrix model



Boundary Liouville gravity

In the presence of boundary, boundary Liouville action is added

1
Ton

— |, d68"* (QK 5o + 2mme™)

Hp - Boundary cosmological constant

Matter field also lives at the boundary and couples to the gravity



Boundary object

B(s1,ll) s2,l2) __ faM eﬁm”ﬂ (51,01)(52,02)

(m, n) primary field / /

Liouville dressing

boundary conditions

Gravity side:  pp(s) ~ \/ncosh(mbs)

Matter side : Kac label



Boundary correlations on disk

1-point 2-point

B(Slall),(smlz)

(31§l1) ( 2;l2)

Bgfl,lg),(snh)

FZ7(2000),
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Bulk and Boundary correlations

S1
o
o ® ® S1 1
S3
o $2
Bulk correlation Bulk-boundary boundary
correlation correlation

F77(2000), Hosomichi(2008), Ponsot&Techner(2002)

What is the boundary (changing) operator in matrix model ?
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k////// source

N
S
N A A\ §
- \WeC// Feynman
w& diagram

«v
Discretized disk

source

source /

¢ Large loop operator trM! is inserted in the path integral.

1
Zdick == f dM (Z T“"_t trM") e tVIM)  _(trlog(z—M))
[
r = x. + /pcosh(mbs;) = Boundary cosmological constant
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Boundary: introduce complex vectors

el = /de'udfu]L e~ trV (M) —vl-(a—M)-v

.
Z=)> 2z Zdisk = Z1 = —(trlog(z — M))
h=0

Feynman rule for boundary

’UT v 'u]L || (%

Propagator for vectors Interaction for vectors

DOQQ Vector loop forms the boundary.
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Boundary changing : introduce ‘flavors’

2
eZ = / dM T[ dv(®dv(®)1 o~V (M) =3,y o(T.Clen (M)
s=1

C(M) = ( o) c2) ) = ( c y—M)

¢,c” generate boundary changing operators.

_9%Z4isk
dcdc*

1 1
= () = et

c=c*=0

4 Propagators
LD L) L@ (@2 ,@F (1) LT ()

NC* ~ C
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Nontrival interaction: introduce polynomials

2
e = f dM ] dv@du(t ¢tV AD=F,, v ONCD (M)
s=1

(D) cA2)\ (M c
ol = ( ¢l ¢c(22) ) _( c* yo+y1M—|—M2)

O

W~ 9% Zgisk
DQC/_Q/‘ e

1 1
= <tr =
c=c*=0 & _My0‘|‘ylM+M

> = (B15'Bi5")

TI M M M
e (D) Nen () L@ )
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r—M C
ZCIISK_ _<Trlog( c* yo+y1M+M2 )>

(1) z and y; are source to the loop operator

07 1
- = (———) ~cosh (1)
8&," c=c*=0 £r — M b
T = x4+ /pncosh(mbsy)
OZ N M 1 TS2
= M) ~ h{—=
ayl c=c*=0 <y0 + ylM + M2 > =3 ( b )




r—M C
ZdiSk_ _<Trlog( o yo+y1M+M2 )>

(2) yo is the source to (1,3) boundary operator

97 disk _ <tr > _ w(f-) —w(@y)
_ 1 Y+Y— = Yo
w(ys) = <t|’,_ > - -
y+ — M Y4 +y- = —y1

y+ = /pcosh(mbs4) are determined due to CFT requirement

w(iy) =w(G-) = Sy = 8; £1b



I-th order polynomial,  Zgisk = —(Trlog C(M))

— z—M ¢
C(M)—( c* (gl_M)(@'Q—M)"'(ﬁl_M))

Sit1 = 8; + 2ib | for Ti = /ncosh(wbs;)

Non-trivial boundary = sum of (1,1) boundary with different s-values :
leads to brane-decompostion

/-1
Zaisk(s, (L) = Y Zaisk(s +ikb, (1,1))
k=—(£—1);2
£—1 m—1
Zanmuar (5, (1, 0], (Lm)) = > > Zanmuwar(s+il'd, (1, 1)]s +im'b, (1, 1))

=—(f-1);2m'=—(m—1);2



Finding boundary and bulk
correlations

Bg;,ll),(&;b)

(s1;11) )(a;b)

Bgi,lz),(sull)



2-point correlation

x— M C
Zdisk = — <Tf'°9 ( ¢t (§+ — M)(F- — M) )>

32Zdisk
dcoc*

s )
-\ - M (G4 - M)(G- — M)

c=c*=0

ug_% cosh (ﬂﬁz‘g—‘sﬁ) cosh (ﬂﬂz}t—sﬁ)

" 2sinh (“b(31’|:‘232+ib)) sinh (“b(sl'gsfib)) sinh (“b(31—232+ib)) sinh (”5(31*232%5))

— 8$182 125251
— (Bl2 Bl2
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For |I-th order interaction,

Zdisk = — <Trlog ( = b ¢ )> { ¥; = /pcosh(mbs;)

c* lel(gz - M) Si+1 = S; —I— 217b

82 Zgisk
OcOoc*

—_ 5182105251
= (By; “Bq;

c=c*=0

811 812

1 I3 I T




Generalization between two boundaries s1;(1,1) and s2; (1, m)

Zaisk = — <Tr log ( “f=1(f§ Y H?ll(zj — M) >>

-The order of polynomials in the diagonal blocks
——> BC for matter. (1,l) & (1,m)
-Parameters x, y in the diagonal blocks

— BC for gravity and sources to

Boundary operator Bl,£+m—1



Generalizations: boundary operators B1 j4+m—1-2k

k=0,1,--- l+m—1

¢
Zaisk = —{ Trlog | | Hﬁz}z(zz N ]\*4) m
Co +C1 Py (M)* +--- Hfz:1(yi—M)

- ¢k in the off-diagonal blocks : source to Bi,e+m—2k

- pr(M') = polynomial of order k :contains the complete
information of boundary operator resonance

(E m) Z ajk WL

co+er pr" (M) + -


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

B_{1, l+m-1-2k}

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

k=0,1,/cdots, l+m-1

/end{align*}

Explicit form of pir(M) (BIR: 1012.1467 (PLB 698) )

1 /im mk
<trFe($,M)Fm(y,M) By AP, )(x’y’M)> R
_ oy sin(kmb?)
k] = Ug—1(coswb*) = (b
Péﬁm)(ZE’ij) —
(m) oy Im -1z + -1y
Pl ($,y’M)—M [ﬁ—i—m—Q] )
(¢m) gz Pm =2z +[-2]y), 2. 2 o[f—1][m—1]
P2 (LU,ij) [E—I—m—ll] UOSlIl ™ [ﬁ—l—m—?)]

[m — 1][m — 2]z% + [¢ — 1][¢ — 2]y* + [2][£ — 2][m — 2]zy
0+ m — 3|[¢ +m — 4]

_|_



K
Bulk one point with s, (1, 1) boundary s,(1,1)

One needs bulk resonance transformation from kdv frame to CFT
frame, Belavin and Rim (1001.4356, PLB 687)

Bulk-boundary correlation (VJB1’k> By e Y
’ s, A1,1)

One needs bulk-boundary resonance transformation BIR (1107.4186)

t$) = p (1, s +Zp(”’“ B\ + Z PO (1, ) A A
k,m=a
p—2

+ Z a7 (p, )Xy + -
J=p+1—Il+a


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

V_J 

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

V_J 

/end{align*}

Summary and remarks

Boundary description of matrix model is constructed including
boundary correlation numbers and bulk-boundary correlation

annulus amplitude is under investigation.

Generalization to non-minimal theory is not achieved yet.



