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Modular bootstrap in Liouville field theory

4-point conformal blocks on a sphere

Virasoro algebra

[Ln, Lm] = (n −m) Ln+m +
c

12
n(n2 − 1) δn+m,0

Verma module V∆

L0ν∆ = ∆ν∆, Lmν∆ = 0, (m > 0),

ξ∆ = LNν∆ = Ln1 . . . Lnjν∆, (ni < 0)
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4-point conformal blocks on a sphere

3-point blocks

structure constant C321

factorization onto holomorphic and antiholomorphic sectors

3-point blocks determined by the Ward identities up to one
constant

5 / 25



Modular bootstrap in Liouville field theory

4-point conformal blocks on a sphere

4-point blocks

GMN = 〈LMν∆|LNν∆〉

F∆

[
∆3 ∆2

∆4 ∆1

]
(z) =

∞∑
n=0

z∆−∆1−∆2+n
∑

|M|=|N|=n

ρM [GMN ]−1
ρN
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4-point conformal blocks on a sphere

4-point conformal block

Fc,∆

[
∆3 ∆2
∆4 ∆1

]
(z) = z∆−∆2−∆1

(
1 +

∑
n∈N

znF n
c,∆

[
∆3 ∆2
∆4 ∆1

])
,

F n
c,∆

[
∆3 ∆2
∆4 ∆1

]
=

∑
n=|M|=|N|

ρ(ν4, ν3, LMν∆)
[
G n

c,∆p

]−1

MN
ρ(LNν∆, ν2, ν1)

F n
c,∆

[
∆3 ∆2
∆4 ∆1

]
= hn

c,∆

[
∆3 ∆2
∆4 ∆1

]
+
∑

1≤rs≤n

Rn
c, rs

[
∆3 ∆2
∆4 ∆1

]
∆−∆rs(c)

= fn∆

[
∆3 ∆2
∆4 ∆1

]
+
∑

1<rs≤n

R̃n
∆, rs

[
∆3 ∆2
∆4 ∆1

]
c − crs(∆)

R̃n
∆, rs

[
∆3 ∆2
∆4 ∆1

]
= −∂crs(∆)

∂∆
Rn

crs (∆), rs

[
∆3 ∆2
∆4 ∆1

]
,

∂crs(∆)

∂∆
= 4

crs(∆)− 1

(r 2 − 1) b4
rs(∆)− (s2 − 1)

.
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4-point conformal blocks on a sphere

residue at ∆→ ∆rs

Rn
c, rs

[
∆3 ∆2

∆4 ∆1

]
= lim

∆→∆rs

(∆−∆rs(c))F n
c,∆

[
∆3 ∆2

∆4 ∆1

]
= Ars(c)P rs

c

[
∆3

∆4

]
P rs
c

[
∆2

∆1

]
F n−rs
c,∆rs+rs

[
∆3 ∆2

∆4 ∆1

]

Ars(c) = lim
∆→∆rs

( 〈
χ∆
rs |χ∆

rs

〉
∆−∆rs(c)

)−1

= 1
2

r∏
p=1−r

(p,q) 6=

s∏
q=1−s

(0,0),(r ,s)

1

pb + qb−1

P rs
c

[
∆2
∆1

]
= ρ(χrs , ν2, ν1) = (−1)rsYrs

(
λ1+λ2

2

)
Yrs

(
λ1−λ2

2

)
Yrs(µ) ≡

r−1∏
p=1−r

p+r=1 mod 2

s−1∏
q=1−s

q+s=1 mod 2

(
µ− pb + qb−1

2

)
, ∆i =

1

4
(Q2 − λ2

i )

8 / 25



Modular bootstrap in Liouville field theory

4-point conformal blocks on a sphere

residue at ∆→ ∆rs

Rn
c, rs

[
∆3 ∆2

∆4 ∆1

]
= lim

∆→∆rs

(∆−∆rs(c))F n
c,∆

[
∆3 ∆2

∆4 ∆1

]
= Ars(c)P rs

c

[
∆3

∆4

]
P rs
c

[
∆2

∆1

]
F n−rs
c,∆rs+rs

[
∆3 ∆2

∆4 ∆1

]

Ars(c) = lim
∆→∆rs

( 〈
χ∆
rs |χ∆

rs

〉
∆−∆rs(c)

)−1

= 1
2

r∏
p=1−r

(p,q) 6=

s∏
q=1−s

(0,0),(r ,s)

1

pb + qb−1

P rs
c

[
∆2
∆1

]
= ρ(χrs , ν2, ν1) = (−1)rsYrs

(
λ1+λ2

2

)
Yrs

(
λ1−λ2

2

)
Yrs(µ) ≡

r−1∏
p=1−r

p+r=1 mod 2

s−1∏
q=1−s

q+s=1 mod 2

(
µ− pb + qb−1

2

)
, ∆i =

1

4
(Q2 − λ2

i )

8 / 25



Modular bootstrap in Liouville field theory

4-point conformal blocks on a sphere

F n
c,∆

[
∆3 ∆2
∆4 ∆1

]
= hn

c,∆

[
∆3 ∆2
∆4 ∆1

]
+
∑

1≤rs≤n

Ars(c)P rs
c

[
∆3
∆4

]
P rs
c

[
∆2
∆1

]
∆−∆rs(c)

F n−rs
c,∆rs+rs

[
∆3 ∆2
∆4 ∆1

]

recursive relation

F n
c,∆

[
∆3 ∆2
∆4 ∆1

]
= fn∆

[
∆3 ∆2
∆4 ∆1

]
−
∑

1≤rs≤n

∂crs (∆)
∂∆

Ars(crs(∆))P rs
crs (∆)

[
∆3
∆4

]
P rs
crs (∆)

[
∆2
∆1

]
c − crs(∆)

F n−rs
crs (∆),∆+rs

[
∆3 ∆2
∆4 ∆1

]

c-independent term can be calculated as a c →∞ limit of the block

fn∆

[
∆3 ∆2
∆4 ∆1

]
=

1

n!

(
∆ + ∆3 −∆4

)
n

(
∆ + ∆2 −∆1

)
n(

2∆
)
n

,

(
a
)
n

= Γ(a+n)
Γ(a)

is the Pochhammer symbol.
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4-point conformal blocks on a sphere

Elliptic block

large ∆ asymptotic ⇒ regular prefactor:

Fc,∆

[
∆3 ∆2

∆4 ∆1

]
(z) = (16q)∆− c−1

24 z
c−1

24 −∆1−∆2 (1− z)
c−1

24 −∆2−∆3

× (θ3(q))
c−1

2 −4(∆1+∆2+∆3+∆4) Hc,∆

[
∆3 ∆2

∆4 ∆1

]
(q),

elliptic nome & its inverse

q(z) = eiπτ , τ(z) = i
K(1− z)

K(z)
, z(q) =

θ4
2(q)

θ4
3(q)

K(z) - complete elliptic integral of the first kind

the only singularities of the conformal block: branching points at 0, 1,∞
the singularity at 0 - exported to the multiplicative factor

z(q) - universal covering of C\{1} by the Poincare disc

the elliptic block is a power series in nome
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4-point conformal blocks on a sphere

Elliptic recursion

H
[

∆3 ∆2

∆4 ∆1

]
(q) =

∑
n

(16q)nHn
c,∆

[
∆3 ∆2

∆4 ∆1

]

Hn
c,∆

[
∆3 ∆2

∆4 ∆1

]
= δn,0 +

∑
r ,s>0

Ars(c)P rs
c

[
∆3

∆4

]
P rs
c

[
∆2

∆1

]
∆−∆rs

Hn−rs
c,∆rs+rs

[
∆3 ∆2

∆4 ∆1

]
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1-point block on a torus

1 4-point conformal blocks on a sphere

2 1-point block on a torus

3 Modular invariance
toric 1-pt block vs spheric 4-point blocks
modular invariance in the Liouville theory
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1-point block on a torus

〈φλ,λ̄〉 = Tr
(
e−(Imτ)Ĥ+i(Reτ)P̂φλ(1, 1)

)
= (qq̄)−

c
24 Tr

(
qL0 q̄L̄0φλ(1, 1)

)
Ĥ = 2π(L0 + L̄0)− πc

6
, P̂ = 2π(L0 − L̄0), q = e2πiτ
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1-point block on a torus

1-point conformal block on a torus

Fλc,∆(q) = q∆− c
24

∞∑
n=0

qn Fλ,nc,∆,

Fλ,nc,∆ =
∑

n=|M|=|N|

ρ(LNν∆, νλ, LMν∆)
[
G n
c,∆

]−1

MN

coefficients expressed by sums over simple poles in ∆:

Fλ,nc,∆ = hλ,nc +
∑

1≤rs≤n

Rλ,nc, rs

∆−∆rs(c)

residue at ∆rs

Rλ,nc, rs = lim
∆→∆rs

(∆−∆rs(c))Fλ,nc,∆ = Ars(c)P rs
c

[
∆λ

∆rs+rs

]
P rs
c

[
∆λ
∆rs

]
Fλ,n−rs
c,∆rs+rs .

ρ(χrs , νλ, χrs) = ρ(χrs , νλ, ν∆rs+rs) ρ(ν∆rs , νλ, χrs) = P rs
c

[
∆λ

∆rs+rs

]
P rs
c

[
∆λ
∆rs

]
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1-point block on a torus

Large ∆ asymptotic

lim
∆→∞

∑
qnhλ,nc = lim

∆→∞

∑
qnFλ,nc,∆ =

∞∏
n=1

(1− qn)−1 = q
1

24 η(q)−1

η(q) = q
1

24

∞∏
n=1

(1− qn) - Dedekind eta function

elliptic 1-point block on a torus

Fλc,∆(q) = q
c

24
−∆ q

1
24 (η(q))−1Hλc,∆(q), Hλc,∆(q) =

∞∑
n=0

qnHλ,nc,∆

recursion relation

Hλ,nc,∆ = δn,0 +
∑

1≤rs≤n

Ars(c)P rs
c

[
∆λ

∆rs+rs

]
P rs
c

[
∆λ
∆rs

]
∆−∆rs(c)

Hλ,n−rs
c,∆rs+rs
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Modular invariance

toric 1-pt block vs spheric 4-point blocks

elliptic recursion relations for 4-point blocks

Hn
c,∆

[
∆3 ∆2

∆4 ∆1

]
= δn,0 +

∑
1≤rs≤n

Ars(c)P rs
c

[
∆3

∆4

]
P rs
c

[
∆2

∆1

]
∆−∆rs

Hn−rs
c,∆rs+rs

[
∆3 ∆2

∆4 ∆1

]

recursion relation for 1-point toric blocks

Hλ,n
c,∆ = δn,0 +

∑
1≤rs≤n

Ars(c)P rs
c

[
∆λ

∆rs+rs

]
P rs
c

[
∆λ
∆rs

]
∆−∆rs(c)

Hλ,n−rs
c,∆rs+rs
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Modular invariance

toric 1-pt block vs spheric 4-point blocks

I Poghosian identities

Hλc,∆(q) = Hc,∆

[
1
2λ

1
2λ

1
2 (b− 1

b ) 1
2 (b+ 1

b )

]
(q)

= Hc,∆

[
1
2 (λ−b) 1

2 (λ+b)
1

2b
1

2b

]
(q) = Hc,∆

[
1
2 (λ− 1

b ) 1
2 (λ+ 1

b )
1
2 b

1
2 b

]
(q)

P rs
c

[
∆λ

∆rs+rs

]
P rs
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2b′
φ 1

2b′
φ λ√

2
(z)φ 1

2b′

〉c′
=

〈
φ 1

2b′
φ 1

2b′
φ λ√

2
(1− z)φ 1

2b′

〉c′
the coefficient(

f (λ, q, b) η2(q2)
)−1 τ→− 1

τ→ |τ |2∆λ
(
f (λ, q, b) η2(q2)

)−1

modular invariance of 1-point function

〈φλ〉− 1
τ

= |τ |2∆λ 〈φλ〉τ
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modular invariance in the Liouville theory

Conclusions

Modular invariance of the Liouville 1-point function on a torus

relation between 1-point blocks on a torus and 4-point blocks on a sphere
(based on the recursive representations)

identities for DOZZ structure constants

Other recent applications of the elliptic recursions:

1 the modular matrix expressed in terms of the fusion matrix

2 AGT conjecture

for 1-point toric block [Fateev,Litvinov]
for irregular blocks (norms of Whittaker states) [Hadasz,Jaskolski,PS]

Open questions:

Modular invariance in N=1 supersymmetric Liouville theory
(known recursive relations for 4-point blocks; braiding matrices)

checks of the supersymmetric version of the AGT relation

analysis of supersymmetric irregular blocks
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