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Messages

@ about FQH Edge states

@ about Benjamin-Ono equation

@ Relation between Benjamin-Ono equation and CFT
@ Relation between FQHE and CFT



FQHE -LAUGHLIN’S STATE(S)

Particles on a plane in a quantized magnetic field (with a strong Coulomb
Interaction)

1S g2 ag2
Uo(21,...,2y) = [A(zl,...,zN)]ﬁe 2 il=il*/4t

o A=]], (% — )- VanDerMonde determinant
o ( -magnetic length;

e v =1/f -is a filling fraction;

e f=1-IQHE; [ =3-FQHE.

Important features:

@ Wave-function is holomorphic;

@ Degree of zero at z; — g; is larger than 1;



GAUGE AND A SHAPE OF A DROPLET

o The wf. APe 2 Xil5/4 ig written in a radial gauge.
@ A gauge transformation
L Z V(z) . e e .
U —e2 &~ W V(z) is analytic inside the droplet

does not change magnetic field but change a shape of the droplet.

@ The ground state is v X Volume degenerate.
@ Potential well lifts degeneracy
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EDGE STATES

Degenerate Ground state HyW, =0,
Spectrum separated from the ground state by a large gap £~*

Potential well lifts a degeneracy:

Hy—H=H, +ZA0(|"i|)
;

Evolution within almost (infinitely) degenerate states
Wy, (1) =e "y,

VAL <1; k<1

Low energy states are localized on an edge — Edge States



LINEAR EDGE STATES THEORY
Accepted theory of the Edge state

@ Density is a chiral field:

p()=> " pi, pe=pl
k

ok o] = VS,
h /
(G, —vyV)p =0, vy,= ;AO.

@ Common believe (I disagree with):

c =1 -CFT of free bosons with a compactification radius v = 371



PROBLEM OF EDGE STATES

Data:
@ Analyticity;
@ Degree of zeros f3 is larger than 1;
@ Degeneracy;

@ Separation of scales

Goal: Universal dynamics on the edge.



MODEL HAMILTONIAN

For concreteness
ODizai—Z#i b _A(Zi);: VXA=B

%%

(] Di\IJO = 0
@ Model Hamiltonian

2

n? f
H= Z %Djpi +A,(z]), 57 > Ao

@ Being projected onto the L-space
hZ
H= o sln(z) + V)P + ()
3

[7(2), V(z)] = if log(z; — z;)



PrROBLEM OF EDGE STATES

Given space of states (L-states)
Wy = Ao TP C)

Given the Hamiltonian

hz
H=) o n@) + V@) +Alal),  [n(z), V(z)] = if log(z; — )

Compute dynamics of density and velocity
v(z) =in(z) +V'(z), [p(2),v(z)]=ifVd(z—2)

@ Project on the L-space:
mh~2(2|VA,| — 0

Integrate over the bulk, isolate boundary states;



NON-LINEAR THEORY OF EDGE STATES

@ Linearized version: (6, —vyV)p =0, v, = %Ag

@ Universal description of non-linear chiral boson at FQHE edge
(inunits{ =1hA/m=1)

@ -vVIp+V [p (p+10- )V (logp)y)] =0

[p(), p(N] =vV5(x —x),

f(X’)/ &
xX—Xx

1
fH(X) = _P.V.f
T
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FUNDAMENTAL CHIRAL EQUATION —
QuaNTUM BENJAMIN-ONO EQUATION

@ Expansion around mean density (or Backlund transformation)

1
prpy+Ve, p+V [p (p+z(1—fa’)v(1ogp)HH =0

@ Quantum Benjamin-Ono Equation

P+1(ve) +11-p)vie,=0

[¢(x), @u(x)] = vImlog(x —x" +1i0),

o)

x—x

dx/

1
o) = —P.V.f
v



ORIGIN OF BENJAMIN-ONO AND FUNDAMENTAL CHIRAL
EQUATIONS

¢+1(ve) +11-pvip, =0

@ Classical Benjamin-Ono Equation
Surface waves of interface of stratified fluids: Incompressible fluids with a
sharp change of density (Benjamin 1968).

@ Quantum Benjamin-Ono Equation and Fundamental Chiral Equation

p+9 [ (p+30-BIV (logp), ) ] =0

A chiral Sector of Calogero -Sutherland model (Abanov,Betelheim,PW.,2006)

B6-1)
H= Zz "+ 2 =)

sin®(x; — x; )

o Completes a prove of a long-standing conjecture by Sakita (?) that
Edge State of FQHE= Calogero model.



LIMITING CASES: ILW -Intermediate Long-Wave Equation

@ Deep sea

¢ +3 (Vo) + 11 - IV, =0

>

_ 1PV x—x Ny
goH(x)—H V. | cot I e

L — oo : ILIW — Benjamin-Ono Equation

@ Shallow lake |[L— 0: IIW — KdV |

1
o+ 5 (V) + V=0

@ Quantum ILW: A chiral Sector of hyperbolic Calogero -Sutherland model

1 B(B—1)
H:Z 0 ey, nh? &9

(RW,,2006)

i>j Lsi



INTEGRABILITY

¢+1(ve) +11-pvie, =0

@ IIW and Benjamin-Ono Equations (Krichever, 1971, Satsuma 1978)
@ ILW as a real reduction of MKP hierarchy (PW., 2006)

@ Fundamental Chiral Equation and Benjamin-Ono Eq as a Backlund
transformation of Chiral Equation (Abanov, Bettelheim, PW. , 2019)

@ Integrals can be explicitly constructed.



@ Classical Benjamin-Ono equation for an arbitrary domain

D-D:w=f(2)

% loglf| = Reff,}
a¢ eV 1= pReus®



PROPERTIES ¢ +2(Ve) + 101 -BIVie, =0
4

@ Two branches of solitons:
» subsonic: holes propagating to the left;

Charge v =1/f: fphdx = integer X v
> ultrasonic: particles propagating to the right:
Charge 1: fppdx = integer

1 v

= Vo=—-——
p ? 7T V2(x — vt)2 +v2

@ Classical Benjamin-Ono equation has only one branch - particles

Benjamin-Ono is the only integrable equation with a quantized charge of solitons
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TWO BRANCHES OF EXCITATIONS

e )
e

@ Separation between holes (moving right) and particles (moving left)

7/25



BENJAMIN-ONO EQUATION AS A DEFORMED BOUNDARY CFT

@ Boundary CFT occurs outside of the droplet;

@ Boundary stress energy tensor components connected by the
Cauchy-Riemann condition

Tn=—T, =ReT
o Components:

B—1
T4

@ Benjamin-Ono Equation is a deformation of CFT:

1
Tnn = E(an‘»a)z + anas¢
(lb = Tnn
@ Hydrodynamics form (conservation laws): p = Vo
p=VT,,

@ Deformation of a boundary is generated by the normal components of the
stress-energy tensor.



CFT anp FQHE

o FQHE Edge hydrodynamics is a deformation of Boundary CFT with

c=1—6(\/ﬁ—1/\/ﬁ)2<1

@ CFT lives outside of a droplet;
Contrary to a common believe that FQHE ¢ =1 bulk CFT.



Subtleties and main steps



QUANTUM HYDRODYNAMICS IN THE BULK

@ Laughlin’s state reformulated as a hydrodynamics if the bulk:
@ Density and Velocity

(), p()] = —-ivo(r —r'); canonical hydro-variables,
p+V(pv)=0, continuity equations

@ Projection on holomorphic states

V-v=0; incompressibility,
V=V XV, stream function,
f(pv) x dr= 1A, Hall Effect

@ Degree of zeros

v(r) xv(r')] =2nBis(r—r'), Heisenberg algebra

[¥(r), U] =Blog|r—r/|, Stream function is a Gaussian Field



SUBTLETIES

@ Short-distance anomaly or OPE
B o
py=:pv:=7V (p)

@ Velocity of orbits vs velocity of particles:

B
Vv — v——V*
pv—p y

@ Dipole moment and singularity on the boundary

R
2
dO = JO (r —R)p(r)dr = %4—/3[3



OVERSHOOT: DIPOLE MOMENT OF FQHE DROPLET

B
1S 152 /402
Uy = l—[(zi_zj) ez 2l e

i>j

R
e _p2-F
dy —L (r=R)lp(r)dr = —— 6

Dipole moment of a spherical droplet
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B=0.75
B=1.75
B=2.75
B=3.75

(py=Jim | |z —zP|aPPe 2k [ T
i

No overshoot at § < 1.
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SUMMARY

@ Boundary waves in FQHE are essentially nonlinear;
@ They are generated by a stress energy tensor of CFT with
c=1-6v (v —1)? < 1 situated outside of the droplet
@ An origin of shifting the central charge is a dipole moment located on the
boundary of the droplet
Density along different axis of elliptical droplet;
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