
NON-LINEAR WAVES ON THE EDGE OF FQHE:
QUANTUM BENJAMIN-ONO EQUATION - CASE STUDY OF QUANTUM HYDRODYNAMICS

P. Wiegmann

(Joint work with friends: Abanov, et. al.)

Bologna

September 20, 2011

1 / 25



Messages

about FQH Edge states

about Benjamin-Ono equation

Relation between Benjamin-Ono equation and CFT

Relation between FQHE and CFT
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FQHE -LAUGHLIN’S STATE(S)

Particles on a plane in a quantized magnetic field (with a strong Coulomb
Interaction)

Ψ0(z1, . . . , zN) =
�

∆(z1, . . . , zN)
�β e−

1
2

∑

i |zi|2/4`2

∆=
∏

i 6=j(zi − zj)- VanDerMonde determinant

` -magnetic length;

ν = 1/β - is a filling fraction;

β = 1 - IQHE; β = 3- FQHE.

Important features:

Wave-function is holomorphic;

Degree of zero at zi→ zj is larger than 1;
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GAUGE AND A SHAPE OF A DROPLET

The w.f. ∆βe−
1
2

∑

i |zi|2/4`2
is written in a radial gauge.

A gauge transformation

Ψ→ e
1
`2

∑

i V(zi)Ψ, V(z) is analytic inside the droplet

does not change magnetic field but change a shape of the droplet.

The ground state is ν × Volume degenerate.

Potential well lifts degeneracy
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EDGE STATES

Degenerate Ground state H0ΨV = 0,

Spectrum separated from the ground state by a large gap `−1

Potential well lifts a degeneracy:

H0→ H = H0 +
∑

i

A0(|ri|)

Evolution within almost (infinitely) degenerate states

ΨV(t) = e−iHtΨV

∇A0`� 1; k`� 1

Low energy states are localized on an edge→ Edge States
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LINEAR EDGE STATES THEORY

Accepted theory of the Edge state

Density is a chiral field:

ρ(x) =
∑

k

eikxρk, ρk = ρ
†
−k,

[ρk,ρl] = νkδk+l,

(∂t − v0∇)ρ = 0, v0 =
ħh
m

A′0.

Common believe ( I disagree with):

c= 1 -CFT of free bosons with a compactification radius ν = β−1.
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PROBLEM OF EDGE STATES

Data:

Analyticity;

Degree of zeros β is larger than 1;

Degeneracy;

Separation of scales

Goal: Universal dynamics on the edge.
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MODEL HAMILTONIAN

For concreteness

Di = ∂i −
∑

j 6=i
β

zi−zj
− A(zi); , ∇× A= B

DiΨ0 = 0

Model Hamiltonian

H =
∑

i

ħh2

2m
D†

i Di + A0(|zi|),
ħh2

2m`2 � A0.

Being projected onto the L-space

H =
∑

i

ħh2

2m`2 |π(zi) + V′(zi)|2 + A0(|zi|)

[π(zi), V(zj)] = iβ log(zi − zj)
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PROBLEM OF EDGE STATES

Given space of states (L-states)

ΨV =∆
βe−

1
4`2

∑

i(|zi|2+V(zi))

Given the Hamiltonian

H =
∑

i

ħh2

2m`2 |π(zi) + V′(zi)|2 + A0(|zi|), [π(zi), V(zj)] = iβ log(zi − zj)

Compute dynamics of density and velocity

v(z) = iπ(z) + V′(z), [ρ(z), v(z′)] = iβ∇δ(z− z′)

Project on the L-space:
mħh−2`2|∇A0| → 0

Integrate over the bulk, isolate boundary states;
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NON-LINEAR THEORY OF EDGE STATES

Linearized version: (∂t − v0∇)ρ = 0, v0 =
ħh
m

A′0
Universal description of non-linear chiral boson at FQHE edge
(in units `= 1 ħh/m= 1)

(∂t − v0∇)ρ+∇
h

ρ
�

ρ+ 1
4
(1− β)∇

�

logρ
�

H

�i

= 0

[ρ(x), ρ(x′)] = ν∇δ(x− x′),

fH(x) =
1

π
P.V.

∫

f(x′)
x− x′

dx′
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FUNDAMENTAL CHIRAL EQUATION →
QUANTUM BENJAMIN-ONO EQUATION

Expansion around mean density (or Backlund transformation)

ρ ≈ ρ0 +∇ϕ, ρ̇+∇
�

ρ

�

ρ+
1

4
(1− β)∇

�

logρ
�

H

��

= 0

Quantum Benjamin-Ono Equation

ϕ̇+ 1
2

�

∇ϕ
�2 + 1

4
(1− β)∇2ϕH = 0

[ϕ(x), ϕH(x
′)] = νIm log(x− x′ + i0),

ϕH(x) =
1

π
P.V.

∫

ϕ(x′)
x− x′

dx′
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ORIGIN OF BENJAMIN-ONO AND FUNDAMENTAL CHIRAL

EQUATIONS

ϕ̇+ 1
2

�

∇ϕ
�2 + 1

4
(1− β)∇2ϕH = 0

Classical Benjamin-Ono Equation
Surface waves of interface of stratified fluids: Incompressible fluids with a
sharp change of density (Benjamin 1968).

Quantum Benjamin-Ono Equation and Fundamental Chiral Equation

ρ̇+∇
h

ρ
�

ρ+ 1
4
(1− β)∇

�

logρ
�

H

�i

= 0

A chiral Sector of Calogero -Sutherland model (Abanov,Betelheim,P.W.,2006)

H =
∑

i

1

2
∂ 2

xi
+
∑

i>j

β(β − 1)

sin2(xi − xj)

Completes a prove of a long-standing conjecture by Sakita (?) that
Edge State of FQHE= Calogero model.
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LIMITING CASES: ILW -Intermediate Long-Wave Equation

ϕ̇+ 1
2

�

∇ϕ
�2 + 1

4
(1− β)∇2ϕH = 0 ,

ϕH(x) =
1

πL
P.V.

∫

cot

�

x− x′

L

�

ϕ(x′)dx′

Deep sea L→∞ : ILW→ Benjamin-Ono Equation

Shallow lake L→ 0 : ILW→ KdV

ϕ̇+
1

2

�

∇ϕ
�2 +∇3ϕ = 0

Quantum ILW: A chiral Sector of hyperbolic Calogero -Sutherland model
(P.W.,2006)

H =
∑

i

1

2
∂ 2

xi
+
∑

i>j

β(β − 1)

L sinh2 (xi−xj)

L
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INTEGRABILITY

ϕ̇+ 1
2

�

∇ϕ
�2 + 1

4
(1− β)∇2ϕH = 0

ILW and Benjamin-Ono Equations (Krichever, 1971, Satsuma 1978)

ILW as a real reduction of MKP hierarchy (P.W., 2006)

Fundamental Chiral Equation and Benjamin-Ono Eq as a Backlund
transformation of Chiral Equation (Abanov, Bettelheim, P.W. , 2019)

Integrals can be explicitly constructed.
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Classical Benjamin-Ono equation for an arbitrary domain

D→ D : w= f(z)

∂

∂ t
log |f ′|=

c

12
Re{f , z}
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PROPERTIES ϕ̇+ 1
2

�

∇ϕ
�2 + 1

4
(1− β)∇2ϕH = 0

Two branches of solitons:
É subsonic: holes propagating to the left;

Charge ν = 1/β:
∫

ρhdx = integer× ν

É ultrasonic: particles propagating to the right:

Charge 1:
∫

ρpdx = integer

ρ ≡−∇ϕ =
1

π

ν

v2(x− vt)2 + ν2

Classical Benjamin-Ono equation has only one branch - particles

Benjamin-Ono is the only integrable equation with a quantized charge of solitons
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TWO BRANCHES OF EXCITATIONS

Separation between holes (moving right) and particles (moving left)
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BENJAMIN-ONO EQUATION AS A DEFORMED BOUNDARY CFT
Boundary CFT occurs outside of the droplet;
Boundary stress energy tensor components connected by the
Cauchy-Riemann condition

Tnn =−Tss = ReT

Components:

Tnn =
1

2
(∂nϕ)

2 +
β − 1

4
∂n∂sϕ

Benjamin-Ono Equation is a deformation of CFT:

ϕ̇ = Tnn

Hydrodynamics form (conservation laws): ρ =∇ϕ

ρ̇ =∇Tnn

Deformation of a boundary is generated by the normal components of the
stress-energy tensor.
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CFT AND FQHE

FQHE Edge hydrodynamics is a deformation of Boundary CFT with

c= 1− 6
�

p

β − 1/
p

β
�2
< 1

CFT lives outside of a droplet;

Contrary to a common believe that FQHE c= 1 bulk CFT.
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Subtleties and main steps
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QUANTUM HYDRODYNAMICS IN THE BULK

Laughlin’s state reformulated as a hydrodynamics if the bulk:

Density and Velocity

[v(r),ρ(r′)] =−i∇δ(r− r′); canonical hydro-variables,

ρ̇+∇(ρv) = 0, continuity equations

Projection on holomorphic states

∇ · v= 0; incompressibility,

v=∇×Ψ, stream function,
∫

(ρv)× dr= β−1A0, Hall Effect

Degree of zeros

[v(r)× v(r′)] = 2πβ iδ(r− r′), Heisenberg algebra

[Ψ(r), Ψ(r′)] = β log |r− r′|, Stream function is a Gaussian Field
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SUBTLETIES

Short-distance anomaly or OPE

ρv=: ρv :−
β

4
∇∗〈ρ〉

Velocity of orbits vs velocity of particles:

ρv→ ρv−
2− β

4
∇∗ρ

Dipole moment and singularity on the boundary

d0 =

∫ R

0

(r− R)ρ(r)dr=
β

2π

2− β
4β
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OVERSHOOT: DIPOLE MOMENT OF FQHE DROPLET

Ψ0 =





∏

i>j

(zi − zj)





β

e−
1
2

∑

i |zi|2/4`2
,

d0 =

∫ R

0

(r− R)|ρ(r)dr=
β

2π

2− β
4β

Dipole moment of a spherical droplet
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〈ρ〉= lim
N→∞

∫

|z− zi|2β |∆|2βe−
∑

i |zi|2
∏

i

d2zi

No overshoot at β ≤ 1.
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SUMMARY
Boundary waves in FQHE are essentially nonlinear;
They are generated by a stress energy tensor of CFT with
c= 1− 6ν−1(ν − 1)2 < 1 situated outside of the droplet
An origin of shifting the central charge is a dipole moment located on the
boundary of the droplet

Density along different axis of elliptical droplet;
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