
A.A. 2015 – 2016 Maurizio Piccinini

Fisica Generale A

Scuola di Ingegneria e Architettura

Moti relativiMoti relativiMoti relativiMoti relativi

Scuola di Ingegneria e Architettura

UNIBO – Cesena

Anno Accademico 2015 – 2016



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi

P

( ) ( )' 'P O P O O O− = − + −

( )
� �

Posizione

r
�

Rr
�

( )'A R
r r O O= + −
� �Ar

�

A

O

R

P

A

P rrr
���

+=

2

( )'
R A

r r O O= + −
� �

'

R A R

P P O
r r r= +
� � �



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi
P Velocità ( )'A Rr r O O= + −

� �

Ar
�

Rr
�

ˆˆ ˆ
Rr P O xi yj zk= − = + + =
�

( )

( ) ( ) ( )

ˆˆ ˆ' ' ' ' ' ' '

ˆˆ ˆ' '

A
r P O x i y j z k

P O O O xi yj zk O O

= − = + + =

= − + − = + + + −

�

( ) ( ) ( )ˆˆ ˆ' ' ' ' ' ' ' ' 'P O O O x i y j z k O O= − + − = + + + −

A
velocità di P rispetto ad Av =

�
R

velocità di P rispetto ad Rv =
�

( )

ˆˆ ˆ

ˆˆ ˆ '

R

A

r xi yj zk

r xi yj zk O O

= + +

= + + + −

�

�

ˆˆ ˆ
R

v xi yj zk= + +
�

ɺ ɺ ɺ

( )A R Ov v v P Oω= + + ∧ −
�� � �

( )

ˆ ˆˆ ˆ ˆ ˆ

ˆˆ ˆ

xi yj zk x i y j z k

xi yj zk

ω ω ω

ω

+ + = ∧ + ∧ + ∧

= ∧ + +

� � �ɺɺ ɺ

� ( )

A R T

T O

v v v

v v P Oω

= +

= + ∧ −

� � �

�� �

( )A R A

p P O
v v v P Oω= + + ∧ −

�� � �

( ) ( ) ( )

3

ˆ ˆˆ ˆ ˆ ˆ
A O

v xi yj zk xi yj zk v= + + + + + +
� �ɺɺ ɺ

ɺ ɺ ɺ



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi
P Velocità ( )'A Rr r O O= + −

� �

Rr
�

Ar
�

( ) ( ) ( )

ˆˆ ˆ' ' ' ' ' ' '

ˆˆ ˆ' '

R
r P O x i y j z k

P O O O xi yj zk O O

= − = + + =

= − + − = + + + −

�

( )

( ) ( ) ( )

ˆˆ ˆ

ˆˆ ˆ' ' ' ' ' ' ' ' '

A
r P O xi yj zk

P O O O x i y j z k O O

= − = + + =

= − + − = + + + −

�

( )

ˆˆ ˆ' ' ' ' ' '

ˆˆ ˆ' ' ' ' ' ' '

R

A

r x i y j z k

r x i y j z k O O

= + +

= + + + −

�

�

ˆˆ ˆ' ' ' ' ' '
R

v x i y j z k= + +
�

ɺ ɺ ɺ

( )' 'A R Ov v v P Oω= + + ∧ −
�� � �

( )

ˆ ˆˆ ˆ ˆ ˆ' ' ' ' ' ' ' ' ' ' ' ' ' ' '

ˆˆ ˆ' ' ' ' ' ' '

x i y j z k x i y j z k

x i y j z k

ω ω ω

ω

+ + = ∧ + ∧ + ∧

= ∧ + +

� � �ɺɺ ɺ

� ( )'
' '

A R T

T O

v v v

v v P Oω

= +

= + ∧ −

� � �

�� �

( )' ' 'A R A

p P O
v v v P Oω= + + ∧ −

�� � �

( ) ( ) ( )

4

'
ˆ ˆˆ ˆ ˆ ˆ' ' ' ' ' ' ' ' ' ' ' '

A O
v x i y j z k x i y j z k v= + + + + + +
� �ɺɺ ɺ

ɺ ɺ ɺ



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi
Accelerazione

OA

R

vkzjyixkzjyixv

kzjyixv
�ɺɺɺ

ɺɺɺ
�

ɺɺɺ
�

++++++=

++=

ˆˆˆˆˆˆ

ˆˆˆ

OA

R

vkzjyixkzjyixkzjyixa

kzjyixa

ɺ�ɺɺɺɺɺɺɺ
ɺ

ɺ
ɺ

ɺ
ɺɺɺɺɺɺɺ

�

ɺɺɺɺɺɺ
�

++++




 +++++=

++=

ˆˆˆˆˆˆ2ˆˆˆ

ˆˆˆ

ixixix ˆˆˆ ɺ
��

ɺ
ɺ
ɺ ∧=∧= ωω

( ) ( )
( )[ ] O

RA

vkzjyix

kzjyixkzjyixaa

ɺ���

ɺ�ɺɺɺ
���

+++∧∧+

+++∧+++∧+=

ˆˆˆ

ˆˆˆˆˆˆ2

ωω

ωω

ixixix ˆˆˆ ɺɺ
ɺ
ɺ ∧=∧= ωω

( )

( )

( )

ˆ ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

d d
xi x i x i

dt dt

x i x i

x i x i

xi xi

ω

ω ω

ω ω ω

ω ω ω

= = ∧ =

= ∧ + ∧ =

= ∧ + ∧ ∧ =

= ∧ + ∧ ∧

�ɺɺ ɺ

� � ɺɺ

� � �ɺ

� � �ɺ

( )[ ] Ovkzjyix ɺ+++∧∧+ ˆˆˆωω

( )

( ) 2

A R O

R

a a a P O

P O v

ω

ω ω ω

= + + ∧ − +

+ ∧ ∧ − + ∧  

�� � � ɺ

� � � �

( ) ( )
2

A R T C

T O

C R

a a a a

a a P O P O

a v

ω ω ω

ω

= + +

= + ∧ − + ∧ ∧ −  
= ∧

� � � �

� � �� � ɺ

�� �

( ) ( ) 2A R A R

P P O P
a a a P O P O vω ω ω ω= + + ∧ − + ∧ ∧ − + ∧  

� � � �� � � �ɺ

5



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi
P

Ar
�

Rr
� Posizione

( )'A R
r r O O= + −
� �

A

O

R

P

A

P rrr
���

+=

Velocità ( )

A R T

T O

v v v

v v P Oω

= +

= + ∧ −

� � �

�� �

6

Velocità ( )T O
v v P Oω= + ∧ −

( )A R A

p P O
v v v P Oω= + + ∧ −

�� � �

Accelerazione ( ) ( )
2

A R T C

T O

C R

a a a a

a a P O P O

a v

ω ω ω

ω

= + +

= + ∧ − + ∧ ∧ −  
= ∧

� � � �

� � �� � ɺ

�� �

( ) ( ) 2A R A R

P P O P
a a a P O P O vω ω ω ω= + + ∧ − + ∧ ∧ − + ∧  

� � � �� � � �ɺ



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi

( )'A Rr r O O= + −
� �

( )

A R T

T O

v v v

v v P Oω

= +

= + ∧ −

� � �

�� �

( ) ( )
2

A R T C

T O

C R

a a a a

a a P O P O

a v

ω ω ω

ω

= + +

= + ∧ − + ∧ ∧ −  
= ∧

� � � �

� � �� � ɺ

�� �

( ) ( )'x t x t v t= +
���

Trasformazioni di Galileo

x’

y’

z’

x

y

z

Ov
�

( ) ( )
( ) ( )
( ) ( )

'

'

'

O
x t x t v t

y t y t

z t z t

= +

=

=

( ) ( )A R O
v t v t v= +
� � �

( ) ( )
( ) ( )

( ) ( )

'

'

'

x x O

y y

z z

v t v t v

v t v t

v t v t

= +

=

=

0,costante
���

== ωOv

� �

A Ra = a

P(t)

OO’

7

Ar
�

Rr
�



A.A. 2015 – 2016 Maurizio Piccinini

Moti relativi

( ) ( )
2

A R T C

T O

C R

a a a a

a a P O P O

a v

ω ω ω

ω

= + +

= + ∧ − + ∧ ∧ −  
= ∧

� � � �

� � �� � ɺ

�� �

0,costante,0
�����

=== AO vv ω
y’

P

( )'A Rr r O O= + −
� �

( )

A R T

T O

v v v

v v P Oω

= +

= + ∧ −

� � �

�� �

x’O’O
( )( )Rv t P Oω= − ∧ −

��

( ) ( )R Tv t v t= −
� �

( ) ˆ
R

v t r tω=
�t̂

P

r

( ) 2 ˆ
Ra t r nω=
�

n̂

( )[ ] RR vOPa
�����

∧−−∧∧−= ωωω 2

( ) ( )2Ra P O P Oω ω ω ω= − ∧ ∧ − + ∧ ∧ −      
� � � ��

( )[ ]OPaR −∧∧= ωω
���

8

CTR aaa
���

−−=


