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It is argued that data from atmospheric and solar neutrino experiments point strongly to tri-maximal or bi-

maximal lepton mixing. While (‘optimised’) bi-maximal mixing gives an excellent a posteriori: fit to the data,

tri-maximal mixing is an a priori hypothesis, which is not excluded, taking account of terrestrial matter effects.

1. TRI-MAXIMAL MIXING

Threefold maximal mixing, ie. tri-maximal
mixing, undeniably occupies a special place in the
space of all 3 x 3 mixings. In some weak basis
the two non-commuting mass-matrices m?, m2

(mym! = m?) may simultaneously be written [1]

as ‘circulative’ matrices (‘of degree zero’) [2]:
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respectively invariant under monomial cyclic per-
mutations (‘circulation’ matrices [2]) of the form:
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(CTm2C = m?, etc.) just as circulant matrices
are invariant under simple cyclic permutations
[3]. The mass matrices Eq. 1 are diagonalised
by the (eg. circulant) unitary matrices V and V:
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respectively, leading to threefold maximal mixing:
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where in all the above and in what follows w and
@ represent complex cube-roots of unity and the
overhead ‘bar’ denotes complex conjugation.

After some rephasing of rows and columns the
tri-maximal mixing matrix may be re-written:
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where the matrix in the parenthesis is identi-
cally the character table for the cyclic group Cs
(group elements vs. irreducible representations).
In threefold maximal mixing the CP violation pa-
rameter |Jop|is maximal (|Jop| = 1/6v/3) and if
no two neutrinos are degenerate in mass, CP and
T violating asymmetries can approach £100%.

Observables depend on the sqaures of the mod-
uli of the mixing matrix elements [4]:
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r\1/3 1/3 1/3
In tri-maximal mixing all survival and appear-
ance probabilities are universal (ie. flavour inde-
pendent) and in particular if two neutrinos are ef-
fectively degenerate tri-maximal mixing predicts
for the locally averaged survival probability:

<Pl—=0>=(1/34+1/3)+(1/3)2=5/9 (7)
and appearnce probability:
<Pl —=1)>=2x(1/3)(1/3) = 2/9. (8)

If all three neutrino masses are effectively non-
degenerate: <P(l = {)>=<P(l = 1)>= 1/3.

(10U ?)

2. ATMOSPHERIC NEUTRINOS
The SUPER-K [5] multi-GeV data, show a

clear ~ 50% suppression of atmospheric v, for



zenith angles cos@ < 0, as shown in Fig. la. At
the same time the corresponding distribution for
ve seems to be very largely unaffected, as shown
in Fig. 1b. The best fit is for (twofold) maximal
v, — v; mixing with Am? ~ 3.0 x 1072 eV?, as
shown by the solid/dotted curves in Fig. 1.
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Figure 1. The multi-GeV zenith-angle distri-
butions for a) p-like and b) e-like events from
the SUPER-K experiment. The solid curve is
for maximal v, — v, oscillations with Am® =
3.0 x 1073 eV? and the dotted curve shows the
effect of energy averaging and angular smearing.

From the measured suppression we have:
(1= Uusl*)* + (|Uus]*)?* =~ 0.52 4 0.05 (9)

whereby the v, must have a large v3 content, ie.
|Uys|? ~ 1/2, or more precisely:

1/3 S |Uusl* S 2/3 (10)

where the range quoted corresponds to the lo
error above (which is largely statistical).

3. THE CHOOZ DATA

The apparent lack of v, mixing at the atmo-
spheric scale, 1s supported by independent data
from the CHOOZ reactor [6] (Fig. 2), which rules
out large v, mixing over most of the Am? range
allowed in the atmospheric neutrino experiments.
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Figure 2. The latest data from the CHOOZ
reactor, corresponding to the full data taking.
(The solid curve is for tri-maximal mixing with

Am? =1.0x 1073 eV2)

Taken together, the CHOOZ and SUPER-K data
indicate that the v3 has no v, content, ie. there is
a zero (or near-zero) in the top right-hand corner
of the lepton mixing matrix, |U.3|?> < 0.03.

3.1. The Fritzsch-Xing Ansatz
Remarkably, the Fritzsch-Xing hypothesis [7]
(published well before the initial CHOOZ data)

predicted just such a zero:

(12 11//22 VS
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The Fritzsch-Xing ansatz (Eq. 11) is readily ob-
tained from theeefold maximal mixing (Eq. 5)
by the re-definitions: ve — (ve — I/u)/\/i and

(10w )



vy — (Ve +v,4)/V2 (up to phases), keeping the
v; tri-maximally mixed. While the a prior: argu-
ment for these particular linear combinations [7]
is far from convincing, it is clear that Eq. 11 is so
far consistent with the atmospheric data:

<P(p— p)> = (1/6+1/6)" + (2/3)* = 5/9(12)
(cf. Eq. 9), while beyond the second threshold:
<P(e—e)>=(1/2)" + (1/2)* + (0)* = 1/2(13)

The famous ‘bi-maximal’ scheme [8] is very simi-
lar to the Fritzsch-Xing ansatz and likewise pre-
dicts a 50% suppression for the solar data.

4. THE SOLAR DATA

Taken at face value, the results from the various
solar neutrino experiments imply an energy de-
pendent suppression. In particular, taking BP98
fluxes (and correcting for the NC contribution in
SUPER-K), the results from HOMESTAKE and
SUPER-K: P(e — €) ~ 0.3 — 0.4, lie significantly
below the results from the gallium experiments:
P(e =€) ~0.5— 0.6, as shown in Fig. 3.

4.1. ‘Optimised’ Bi-Maximal Mixing

Mindful of the popularity of the large-angle
MSW solution and the undenied phenomenolog-
ical promise of the ‘original’ bi-maximal scheme
[8], we have ourselves proposed [4], a phenomeno-
logically viable (and even phenomenologically
favoured) a posteriori ‘straw-man’ alternative to
tri-maximal mixing:

vy Va V3
e [2/3 1/3 .
pl 1/6 1/3 1/2
r\1/6 1/3 1/2

(o) = (14)

which we refer to here as ‘optimised’ bi-maximal
mixing. This scheme is of course just one special
case of the ‘generalised’ bi-naximal hypotheses of
Altarelli and Feruglio [9] (and see also Ref. [10]).
At the atmospheric scale Eq. 14 gives:

<P(p— p)>=(1/64+1/3)2 + (1/2)* = 1/2(15)
while beyond the second scale it gives:

<Ple—e)>=(2/3)"+ (1/3)* + (0)* = 5/9 (16)

There is then the added possibility to exploit a
large angle MSW solution with the base of the
‘bathtub’ (given by the v, content of the va) given
by P(e — ¢) = 1/3, as shown in Fig. 3.
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Figure 3. The SUPER-K solar data [11] plotted
as a function of recoil electron energy E.. The
results from the two gallium experiments SAGE
and GALLEX and the HOMESTAKE experiment
are also plotted (at <1/E>"1~ 0.5 MeV and
<1/E>~1~5 MeV respectively). Used BP98 [12]
fluxes (with rescaled hep). The SUPER-K points
are corrected for the NC contribution. The solid
curve is Eq. 14 with Am’? = 5.6 x 107° eV?2,

Although clearly the matrix Eq. 14 is read-
ily obtained from the tri-maximal mixing matrix
Eq. 5 by forming linear combinations of the heav-
iest and lightest mass eigenstates: vy — (1 +
1/3)/\/§ and vz — (v — 1/3)/\/§ (up to phases),
with the vs remaining tri-maximally mixed, we
emphasise that we claim no understanding of why
these redefinitions should be necessary.

5. TERRESTRIAL MATTER EFFECTS
IN TRI-MAXIMAL MIXING

In general, matter effects deform the mix-
ing matrix and shift the neutrino masses, away
from their vacuum values, depending on the local



matter density. In the tri-maximal mixing sce-
nario, the CHOOZ data require Am? S 1073 eV?
(Fig 2), so that matter effects can be very impor-
tant. For ‘intermeduate’ densities [4], the matter
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Figure 4. The multi-GeV zenith-angle distribu-
tions for a) p-like and b) e-like events from the
SUPER-K experiment. Tri-maximal mixing with
matter effects (solid curve) is closer to twofold
maximal v, — v, mixing (dashed curve) than to
vacuum tri-maximal mixing (dotted curve).

mass eigenstates become: vy — (11 — 1/2)/\/§ and
ve = (1 + 1/2)/\/5 (up to phases) while the v
remains tri-maximally mixed:

vy Vz V3
ef . 2/3 1/3
pl 1/2 1/6 1/3
r\1/2 1/6 1/3

(IUu ) — (17)

As evidenced in Fig. 4, the phenomenology of
Eq. 17 can be almost indistinguishable from that
of ‘optimised’ bi-maximal mixing, Eq. 14. Beyond

the ‘matter threshold’ we have for v,,:

<P(p— p)>=(1/2)*+(1/6)* +(1/3)* =7/18(18)
while for v,:

<P(e —e)>=(0)*4(2/3)? + (1/3)* = 5/9 (19)

For atmospheric neutrinos, account must be
taken of the initial flux ratio. ¢(v,)/¢(ve). For
¢(vu)/o(ve) ~ 2/1, the effective v, suppression:

T/18 4 1/2 % 2/9 = 1/2 (20)
(cf. Eq. 15) while the v, rate is fully compensated:
5/941/2x2/9=1 (21)

so that v, appear not to participate in the mixing.
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Figure 5. The up/down ratio for multi-GeV e-
like and p-like events as measured by SUPER-K.
The curves are the various expectations plotted
vs. neutrino energy, for Am? = 1.00 x 1073 eV?2,

The up/down ratio (Fig. 5) measures the ef-
fective supression. For energies £ 2 1 GeV the
initial flux ratio ¢(v,)/¢(ve) 2 2/1 and the v,
rate becomes ‘over-compensated’, while, for suf-
ficiently high energies compensation effects van-
ish as the complete decoupling limit v. — w3
is approached. The resulting maximum in the
up/down ratio for v, (Fig. 5) is describerd as a
‘resonance’ by Pantaleone [13].



5.1. Matter Induced CP-violation

As regards the mixing matrix, CP and T vio-
lating effects are maximal in tri-maximal mixing,
but in spite of this, due to the extreme hierarchy
of Am? values involved, for most accessible L/F
values, observable asymmetries are expected to
be unmeasurably small (in vacuum).
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Figure 6. Predicted zenith-angle distributions
in tri-maximal mixing, for a) multi-GeV and b)
sub-GeV events in an atmopheric neutrinoexper-
iment, seperating v (solid curve) and v (dashed
curve) contributions. The curves plotted include
energy averaging, but not angular smearing.

In the presence of matter (or indeed anti-
matter) significant asymmetries can occur, how-
ever, ‘enhanced’ or ‘induced’ by matter effects.
Thus for example if atmospheric neutrinos are
separated v/v, interesting matter induced asym-
metries become observable (Fig. 6) in tri-maximal
mixing. Such effects could be investigated us-
ing atmospheric neutrino detectors equipped with
magnetic fields [14], and /or by using sign-selected
beams in long-baseline experiments [15].

6. TRI-MAXIMAL MIXING AND
THE SOLAR DATA

The vacuum predictions for the solar data in
tri-maximal mixing are largely unmodified by
matter effects in the Sun, as is well known, or, as
we have seen, by matter effects in the Earth (Eq. 7
vs. Eq. 16). Thus we expect P(e =€) = 5/9 in
tri-maximal mixing with no energy dependence,
as shown in Fig. 7. (Note that also the ‘optimsed’
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Figure 7. The SUPER-K solar data [11] plotted
as a function of recoil electron energy E.. The
results from the two gallium experiments SAGE
and GALLEX and the HOMESTAKE experiment
are also plotted (at <1/E>"1~ 0.5 MeV and
<1/E>71~ 5 MeV respectively). Note that the
SUPER-K points have been corrected for the NC
contribution, and that the non-pp fluxes have
been freely rescaled, with respect to BP98 [12],
to test for an energy independent suppression.

bi-maximal scheme predicts P(e = ) = 5/9 with
no energy dependence for Am'? outside the ‘bath-
tub’). In Fig. 7, the ®B (and "Be) flux, affect-
ing both the SUPER-K and HOMESTAKE data-
points, has been rescaled by an arbitrary factor
(0.72) for comparison to the energy-independent
prediction. Given the flux errors (~ +14% for *B
[12]), the fit (Fig. 7) seems not unreasonable.



<— v(Am?) eV

102 10" 10° 107" 1072 1072 107* 107° 107% 1077
T T T T T T T T T T
1.8~ ¢ CDHS—SPS + CHOOZ ® SUPER—K (ATMOS.) -
x CCFR & FREJUS
1.6 - o CHARM—PS IMB -
* KARMEN # SOUDAN
PR KR/}SNOYARSK v NL%SE;( -
% ILL/GOSGEN A K (ve)—NC
~ 12 + BUGEY ‘ 0O SK Ve)—Ncg(BSBCf:;EBX)
1 A HOMESTAKE
1.0 O SAGE -
= & W GALLEX
o 08 + % .
0.6 [ ﬁ 5 5/9
0.4 L TRI-MAXIMAL MIXING A _
Am*=1.0 1073eV?
0.2 - —
0 | | | | | | | | | | | | | | | | | | |
107 1072 10° 102 10* 10® 10® 10" 10'* 10

L/E (m/MeV = km/GeV) —

Figure 8. The updated L/FE plot for disappearance experiments. The solid curve represents tri-maximal
mixing with Am? = 1.0 x 1073 eV? and the dashed curve indicates the angular smearing in SUPER-K.

Fig. 8 shows the solar, atmospheric, accelerator
and reactor data in overall perspective, within the
tri-maximal context. Note that dis-appearance
results only are represented: if the LSND ap-
pearance result [16] were ever to be confirmed,
tri-maximal mixing would be instantly excluded.

7. CONCLUSION

The lepton mixing really does look to be either
tri-maximal or bi-naximal at this point. Tri-
maximal mixing is currently ‘squeezed’ in Am?
by CHOOZ vs. SUPER-K (Fig. 1-2). For some
Am'?| bi-maximal mixing (in particular the ‘op-
timised’ version discussed here) clearly fits the
data better. Tri-maximal mixing remains, how-
ever, the ‘simplest’ most ‘symmetric’ possibility.
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